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A HAUSDORFF MEASURE VERSION OE THE JARNIK SCHMIDT THEOREM IN 

DIOPHANTINE APPROXIMATION 

DAVID SIMMONS 


Abstract. We solve the problem of giving sharp asymptotic bounds on the Hausdorff dimensions of 
certain sets of badly approximable matrices, thus improving results of Broderick and Kleinbock (preprint 
2013) as well as Weil (preprint 2013), and generalizing to higher dimensions those of Kurzweil (’51) and 
Hensley (’92). In addition we use our technique to compute the Hausdorff /-measure of the set of matrices 
which are not i/j-approximable, given a dimension function / and a function "0 : (0, oo) —)• (0, oo). This 
complements earlier work by Dickinson and Velani (’97) who found the Hausdorff /-measure of the set of 
matrices which are -i/^-approximable. 


1. Introduction 

1.1. Notation. Fix m, n C N, and let Ai denote the set of m x n matrices. Given a function 'tp : (0, oo) —>• 
(0, oo) and two norms || ■ ||^, || • \\i, on and IR^ respectively, a matrix A ^ Ai called ip-approximable 
(with respect to the norms || • ||^ and || • ||i/) if there exist infinitely many vectors p G and q C \ {0} 
such that 

mq-p|U < V'(llqlk)- 

If II • Wv is the max norm, then we may allow : IN —>• (0, oo) in place of ^ : (0, oo) —>• (0, oo). We denote 
the set of '(/'-approximable matrices by W{'ip), or by ('(/') when we wish to emphasize the role of the 
norms || • ||^ and || • ||i,. 

Remark. When n = 1, then IF(^) is the set of simultaneously ^/(-approximable points in R™, and when 
m = 1, then IV('(/') is the set of dually "(/(-approximable points in R". This convention agrees with most 
sources, but some swap the roles of m and n (e.g. mniiiQ]). 

1.2. A brief history of Diophantine approximation. Diophantine approximation is traditionally con¬ 
sidered to have begun in 1842, when Dirichlet proved the following theorem: 

Theorem (Dirichlet’s Theorem). For any A G A4 and for any Q > 1, there exist p G Z™ and q G Z"\{0} 
such that 

||q||oo < Q and ||Aq - p||oo < 
where || • ||oo denotes the max norm. In particular, if 

Mq) = 

then 

( 1 . 1 ) Woo,ooif^*) = M. 

We will refer to the equation (HU) as the corollary to Dirichlet’s theorem. 

A natural question is whether Dirichlet’s theorem or its corollary can be improved. The first result in 
this direction is due to Liouville, who showed in 1844 that the set of badly approximable matrices 

BA U M \W(7(/(*) 

7>0 

is nonempty when m = n = 1. The assumption m = n = \ was removed by O. Perron in 1921 m- 

Liouville and Perron’s result shows that for any function f} satisfying ^ 0, we have IV(V') ^ A4 

(cf. [m Section 2] for an extended discussion of this point). Nevertheless, for such a ip the set W{ip) may 
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still be “large” in a number of senses. For example, it is trivial to show that for any function i/;, 
is comeagerjj The first nontrivial result concerning the size of W{4’) came in 1924, when A. Y. Khinchin 
proved the case m = n = 1 of the theorem below [20] , Two years later Khinchin extended his result to 
include the case n = 1, m arbitrary [H]; the general case was proven by A. V. Groshev in 1938 m- 

Theorem (The Khinchin-Groshev theorem). Fix ■i/i : N —)• (0, oo), and consider the series 

OO 

( 1 . 2 ) 

9=1 

(i) If (ira converges, then Woo,ooi'4’) is of Lehesgue measure zero. 

(ii) If H1.2I) diverges and the function q i—>• g"'0'"(g) is nonincreasing^ then Wao,oc{'4’) is of full Lehesgue 
measure (i.e. its complement has measure zero). 

Remark. Gase (i) (the “convergence case”) of the Khinchin-Groshev theorem is a standard application 
of the Borel-Cantelli lemma; case (ii) (the “divergence case”) is the difficult direction. 

Fix c > 0, and let 'fdq) = One naturally observes that (11.211 converges if c > n/m, and thus in 
this case the sets W{ipc) are of Lebesgue measure zero. Nevertheless, the sets W{ipc) still turn out to have 
positive Hausdorff dimension. The following result was proven for n = 1, m arbitary by V. Jarnik in 1929 
m, and in general by J. D. Bovey and M. M. Dodson in 1986 [4]. Moreover, the case m = n = 1 was 
proven independently by A. S. Besicovitch in 1934 [3]. 

Theorem 1.1 (The Jarnik-Besicovitch-Bovey-Dodson Theorem). For c > n/m, 

777 -I- 77 

diuiniWidc)) = (n — l)m H- 

1 + c 

Here and throughout, dim//(S') denotes the Hausdorff dimension of a set S. 

Remark. In Theorem ll.il the limiting dimension limc^oo dim//(lF (gpc)) = (n — l)m is not zero unless n = 
1. The reason for this is that for every function ip, W{'4!) contains the set {A G A4 : Aq G Z™ for some q £ 
Z"\{0}}, and it can be computed that the dimension of this set is (n — l)m. Thus by monotonicity of 
Hausdorff dimension, we have dimff(W('tp)) > (n — l)m for every function ip. 

In fact, Jarnik proved a stronger statement than the above. Given a dimension function /H let 
denote the Hausdorff /-measure (see Section mi. Let /* : (0, oo) —>■ (0, oo) be the function defined by the 
formula 


(1-3) /*(P)=P™”- 

The following result was proven for n = 1, m arbitrary by Jarnik in 1929 |19) . and in general by D. 
Dickinson and S. L. Velani in 1997 [n]: 


Theorem 1.2 (The Jarnfk-Dickinson-Velani Theorem). Lettp : INI —>■ (0,oo), let f be a dimension function, 
and assume that 


• the functions ip/d* ///* nonincreasing and satisfy 


dig) _ 

tp*{g) 


> 0 , 


f{p) 

f*{p) 


- > oo; 

p^O 


^We recall that a subset of a Baire space is called comeager or residual if it contains a dense Gs set. By the Baire category 
theory, the class of comeager sets is closed under countable intersections. The complement of a comeager set is called meager 
or of the first category. 

^Weakening this assumption has been the motivation for much further research in this area, culminating in its complete 
elimination in the case (m, n) 7 ^ (1,1) When m = n = 1, the theorem is false without the assumption, and the expected 
measure of for arbitrary -0 is described by the Gatlin conjecture |16l p.28]. 

^We recall that a dimension function is a nondecreasing function / : ( 0 , 00 ) —)• ( 0 , 00 ) such that limp_>.o /(p) = 0 . 








A HAUSDORFF MEASURE VERSION OF THE JARNfK-SCHMIDT THEOREM 


3 


• the function 

is nonincreasing, where 
Consider the series 


(my /(^(g)) 

^(9) = 


(1.4) 

Then 



M'fiq)) 

if (m converges 
if (H diverges 


Note that Theorem 11.21 includes Theorem 1 1.1 1 as a corollary. Indeed, setting f{p) = p® and if = 4>c yields 
Theorem 11.11 


Remark. As with the Khinchin-Groshev theorem, the convergence case of Theorem ll.2l is a straightforward 
application of the Hausdorff-Cantelli lemma [2j Lemma 3.10], while the divergence case is the difficult 
direction. 

One may also ask about the characteristics of the sets Biif) A4 \ W(if). From the measure-theoretic 
and topological points of view, there is no new information here; B{ip) is meager, and it is of measure zero 
if and only if W{ip) is of full measure. However, from the dimension point of view there is more to ask. In 
this context, the main result was proven by Jarnik in 1928 for the case m = n = 1. The general case was 
proven by W. M. Schmidt in 1969 [H], using the game he had introduced three years earlier which is 
now known as Schmidt’s game. 


Theorem (The Jarnik-Schmidt Theorem). The set BA = U 7 >o Hausdorff dimension mn. 

Since mn is the largest possible dimension, this closes the question of the dimension of B{ip) for functions 
Ip such that ip/ipi: —)• 0, since such functions satisfy BA C B{ip). On the other hand, for functions ip such 
that Ip > ipt,, we have Bao,oo{'>P) = 0 hy the corollary to Dirichlet’s theorem. To summarize, 

{ mn li Ip/Ip —>-0 

0 iiip>ip,, 

unknown otherwise 


1.3. Main results. Although the Jarnik-Schmidt theorem tells us the Hausdorff dimension of B{ip) for 
any function ip satisfying ip/ip^: —0, it leaves open the following two natural questions: 


Question 1. What are the dimensions of the sets B{k) (n > 0), where for each k > 0 


B{k) = H^,,(n) = B^^,{k^/^iP,) = {AeM: 


Pq-p|| 


> K for all but^ 


finitely many (p, q) € Z 


m+n 


Question 2. Given a dimension function / and a function ip such that ip/ip^: 0, what is T-L^{B{ip))l 


In the present paper, we give fairly complete answers to both of these questions. To Question [1] we give 
the following asymptotic answer: 

Theorem 1.3. Given any two norms jj • ||^ and jj • \\i, on IR™ and R" respectively, we have 

mn - dim//(5^,1, (k)) del mn 

K^o K 2Q{m + n) m + n 


or equivalently 
(1.5) 


dim//(H^_;,(K)) = mn - -b o{n). 
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Here (resp. V^) denotes the volume of the unit ball in R™ (resp. with respect to the || ■ ||^ (resp. 
II • lUj norm, C denotes the Riemann zeta function, and dimj^ denotes Hausdorff dimension. 


This theorem has been preceded by many partial results. When m = n = 1, J. Kurzweil [241 Theorem 
VII] proved that 


( 1 . 6 ) 


1 — .99«; < dim//(i3i,i(/c)) < 1 — .25 k 


for all sufficiently small k. Here || ■ ||i denotes the absolute value function on R. Later D. Hensley [17] (cf. 
[8] Theorem 1.9]) improved this result by showing that 

(1.7) dim//(Hi 4 (K)) = 1 - -^k - ^k^| log(K)| + O(k^). 

TT^ TT^ 

Of course, is stronger than (11.61) since .25 < < .99. (11.71) is also slightly stronger than (II. 5L 

since it has an estimate on the error term o(k). Here is the calculation which checks that dElI and dni) 
agree on the second term: 

_ 2-2 1-1 _ 1 _ 6 
2C(2)1 + 1 

When n = 1 and m is arbitrary, S. Weil [ 50 ] showed that 

^l/(2m) 

^ ~ —m - dim/^(H(K)) < m - k 2 -r -,— 

|log(K)| |log(K)| 


for some constants fci,fc 2 > 0 depending on m. This was improved by R. Broderick and D. Y. Kleinbock 
[7] who showed that for m, n both arbitrary, 


( 1 . 8 ) 


l^l/p(m,n) 

mn — ks— ———— < dimij(H(K)) < mn 

|log(K)| 


^'‘|log(K)| 


for some constants k 3 ,k 4 ,p(m,n) > 0 depending on m and n, with the property that p(m, 1) = 2m Vm. 
Note that the results of Kurzweil, Weil, and Broderick-Kleinbock all follow immediately from (lESI, while 
the result of Hensley does not. The conjecture of Broderick and Kleinbock made on [7| last para, of p.3] 
also follows immediately from dm. 


Remark. Although the result (11.81) is superceded by (|1.5p . the left-hand inequality of dnj) is still in¬ 
teresting in that it was proven using Schmidt games [28] . and appears to be the optimal result that one 
can prove using this technique. Thus the left-hand inequality of (11.81) illustrates both the strengths and 
weaknesses of the Schmidt games technique when applied to problems more precise than simply asking for 
full dimension of BA. 


Remark. Although Theorem ll.3l Drovides asymptotic information about the nonincreasing function fp,^u{n) = 
dim//(H^^y (k)), the following questions concerning the behavior of f^^i, are still open: 

1- Is fp.,v continuous? It was recently proven by C. G. T. de A. Moreira [55] that /i,i is continuous, but 
his techniques depend heavily on continued fractions and do not generalize to higher dimensions, 
where the question remains open. 

2. What is the supremum of k for which > 0? Again, the answer is known only in dimension 

one, where Moreira showed that /i.i(^) = 0 if and only if k > 1/3 [26] Theorem l(ii)]. 

Remark. It is worthwhile to note that Theorem 11.31 provides an alternate proof of the Jarnik-Schmidt 
Theorem. The existing proofs [29][T2|6] have all been minor variations of each other, so it is nice to get an 
independent proof. (It should be noted here that when m = 1 or n = 1, there are easier proofs available 
[53] [ISIS] which rely on the so-called Simplex Lemma [231 Lemma 4].) 

Regarding Question [5] we prove the following theorem, which should be thought of as an analogue of 
Theorem 11.21 for the sets i?(?/') {ip ■ (0: oo) (0,oo)): 
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Theorem 1.4. Let f be a dimension function, and let ip : (0, c») —> (0, c») be a function such that (11.21) 
diverges but ip/ipis nonincreasing and tends to zero. Let 


(1.9) 

(cf. (11.31) ). where 


Lfj,'= lim inf 

p^O 




( 1 . 10 ) 


Then 


( 1 . 11 ) 


where 

( 1 . 12 ) 


Q 

F^iQ) =J2q^-^iP"^{q). 

q^l 

{ 0 if ^ 

oo if , 

unknown if 


= 




2(C(m + n) m 


-'/1,2/ 


Remark. The divergence case of the Khinchin-Groshev theorem is a corollary of Theorem 11.41 Indeed, 
let '0 : N —>■ (0, oo) be a function such that (11.21) diverges but ip/ip^, is nonincreasing and tends to zero. 
Since TLF is Lebesgue measure and = 0, Theorem 11.41 savs that the set Boo,oo(iA) has Lebesgue 

measure zero, or equivalently that the set Woo,oo{tp) has full Lebesgue measure. If ip/ip^ is nonincreasing 
but does not tend to zero, then IToo noiip) can be seen to have full measure via comparison with the function 
«,)=^.(,)/log(2V,)l5 


Definition 1.5. In what follows, we shall call a function ip : (0, oo) —> (0, oo) such that (|1.2|) diverges but 
Ip/ipit is nonincreasing a nice approximation function. 


To illustrate Theorem ll.41 we consider its special case for a certain family of nice approximation functions 
{ip~f)-y>o^ and we find a “dual” family of dimension functions (/s)s>o which are useful for measuring the 
sets {W{ipj))j>o: 


Example 1.6. For each 7 ,s > 0, let 

^q) = jFmq-n/m V q)-^/^, /. (p) = p"*" | log(p)r, 


we have 


^p(Q) = 7^1og(2 V g) - 7 loglog(Q) 
9=1 ^ 

log = iog(|iog(p)|'') = siog|iog(p)| 

slog|log(p)| s 

Ij f I = lim mi —: : ^-77—^—r- = — • 

p—j-O y log 7 

So by Theorem ll.41 we have 


nF{B{ip^)) 


{ 0 if s < 7 P^,^ 

00 if s > 7 p^,y 

unknown if s = 'yrjp.^v 


4 


Here and hereafter Ay B denotes the maximum of two numbers A and B, and A A B denotes their minimum. 
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Example 11.61 reveals a surprising fact about the sets namely that there exist pairs (/, "0) 

constants 0 < 7 _ < 7 + such that = 00 but {B{'j+tj;)) = 0. This stands in marked contrast 

to Theorem 11.21 which demonstrates that T-L^ {W{'jtpj) is independent of 7 for all functions / and 0 and 
for all 7 > 0. Going further, we show that the phenomenon of the above example is in fact commonplace: 

Corollary 1.7. For any nice approximation function tp : (0, 00 ) —>■ (0, 00 ) such that 0/0* —>■ 0, there exists 
a dimension function f and constants 0 < 7 _ < 7 _|_ such that 

■^^( 5 ( 7 + 0 )) = 0 but 7^'^(i3(7_0)) = 00 . 


Proof. We define the dimension function / via the formula 

, fp"*" exp ("*+")) 

= j/U) 


P< Po 
P> Po 


where po > 0 is a small constant. We know that / is indeed a dimension function (i.e. is nondecreasing 
and satisfies limp^o f{p) = 0 ) because 9 " 0 "*(q) < 1 < n{m + n) for all q sufficiently large, so if po is small 
enough then / is nondecreasing. This choice of / guarantees that = 7 “"* for all 7 > 0; choosing 

0 < 7 - < 7 + so that 70 ™ < < 7 !™ completes the proof. □ 


Corollary 11.71 is less surprising than it first appears if we recall the contrast between the corollary of 
Dirichlet’s theorem and the Jarnfk-Schmidt theorem: Woo,oo(0*) = M (so that dim//(i3oo,oo(0*)) = 0), 
but dim//(BA) = mn (so that dim//(13(70*)) as 7 —0, and in particular dim//(B(70*)) > 0 for all 

sufficiently small 7 > 0). Thus the conclusion of Corollary II.71 was already known to hold for one function, 
namely 0 = 0 *. 

Another surprising fact about (jl.ll|l is that it shows that {Bfj,^„{'tp)) depends on the norms || • |0 and 
II ■ 10 used to define i?p_j^( 0 ). Actually, this is not a different fact than our previous surprising fact, since 
multiplying the || • |0 norm by a constant factor is equivalent to dividing 0 by a constant factor; precisely, 

= Sp',i,( 0 ) where || • | 0 / = || ■ I 0 / 7 . 

We conclude this introduction by unifying Theorems 11.31 and 11.41 into a single theorem from which they 
can both be derived as corollaries. 


Theorem 1.8. Let f be a dimension function, and let 0 : (0,oo) (0,oo) be a nice approximation 

function. Let Lf^.,p be given by (jl.9ll . and let M., 1 , = 0™(1). Then there exist continuous functions : 

[ 0 ,oo) [ 0 ,oo], depending only on m, n, /i, and v, such that 


(1.13) 

AND 


(-Bp, 1 ,( 0 )) = < 00 


if Bf,'ip ^ Cp,i/(iVfp) 
if ^ Cp,i,(Afi^) 


^unknown if c^^y{M,ff) < Lf^.,/, < C'p,i,(M,/,) 


C/i,i^(b) — Cp,i/(0) — 

Proof of Theorem M.A assuming Theorem M.fH Fix s,k> 0, and let /s(p) = p™"-®, 0 k((z) = «:^/™0*((7). 
Then 

Q 

= K F.,ij{Q) =y^ - Klog{Q) 

q=l ^ 


log 


fjp) 

f*{p) 


= s|log(p)| 


Bf,ip = liminf 


■s|log(p)| 


s m + n 


P^o Klog(p-’"/('"+")) K 


and thus 


0 




if s < 

'{B^,u{n)) = B-f 0 Bp,i,( 0 „)) = <( 00 if s > 

^unknown if ,,(«:) < s < 
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It follows that 

TTi TTl 

K -;—Cu,,/(k) < mn - dim//(B„ „(k)) < k -;—C'u,!.(k) 

m+n m+n 

and hence by the squeeze theorem, 


mn - dim//(i3u.i.(N)) 

lim- 

K —>-0 K 


m n 




□ 


Proof of Theorem \1.4\ assuming Theorem \1.8[ Suppose that ■i/’/i/'* ^0. Then for each 7 > 0, the function 
= i/i A 7 '!/'* agrees with for all q sufficiently large. It follows that Taking the limit of 

(11.131) ^ as 7 -!> 0 yields (11.111) . □ 

The remainder of the paper is devoted to giving first a heuristic argument for Theorem ll.81 and then a 
rigorous proof motivated by the heuristic argument. 

Note. To avoid needlessly cluttering the notation, in what follows we usually omit the subscripts of 
norms, writing ||p|| for ||p||yi, ||q|| for ||q||i/, etc. When it is important to clarify or emphasize which norm 
is being used, we will do so. 
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2. Hausdorff measure and dimension 

A function / : (0, 00 ) —>■ (0, 00 ) is called a dimension function if / is nondecreasing and limp_>o f{p) = 0. 
In this section, we fix a dimension function / and a set S C The Hausdorff f-measure of a set S C R‘^ 
is defined by the formula 

f °° 00 1 

T-L^ {S) = lim inf f{p^) ■■ is a countable cover of S with pi < e Vi > , 

where here and hereafter, Bp{x) = B(x,p)^= {y : d{x,y) < p}. Pinally, the Hausdorff dimension of S is 
given by the formula 

diuiHiS) = inf{s > 0 : = 0}, 

where Tt'* is the Hausdorff measure with respect to the dimension function 

fs{p) = p"- 

We recall some well-known upper and lower bounds on the quantities H.^ {S) and dim//(5'). The upper 
bounds come from considering only covers whose balls all have the same radius. Such a cover is represented 
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by two quantities: the set F of centers of balls in the cover, and the common radius p. The cost of such a 
cover is equal to #{F)f{p). It follows that 

nHS) < B^{S) hminf Np(5)/(p), 

p—^0 

where 

(2.1) Np(5) = min | #(i^) ■.FCR‘^,Sc[j Bp{x) \ . 

I x^F ] 

We call the number {S) the lower box-counting f -measur^ of S, in analogy with the lower box-counting 
dimension, which is given by the formula 

dimB(5') = liminf = inf{s > 0 : B^{S) = 0}. 

- P^o - log(p) ^ ' 

Note that 

dim//(S') < dir^(S). 

To get a lower bound on 'H^(S) and dim//(S), a more sophisticated argument is needed. 

Lemma 2.1 (Generalized mass distribution principle). Let p be a probability measure on S such that for 
all X S IR"^ and p > 0, 

M(Sp(x)) < g(p), 

where g is a dimension function. Then 

TL^{S) > liminf ■ 

P^o g{p) 

Proof. This can be deduced as a corollary of [ISJ Theorem 8.2], but the proof is much easier. If {Bp. (xi))“ 
is a cover of S such that pi < e V*, then 

OO OO / / \ V oo 

^ = h-{S) <^p{Bp,{yii)) <^g{pi) <[ sup 

U Vo<p<s/(p);^ 

and thus 

H-^(S)>lim inf 44 = liminf 44- □ 

e^0 0<p<e g{p) p^O g{p) 

3. Heuristic argument 

In this section we give a heuristic argument explaining where the formulas (11.51) and (ll.ll|) come from. 
Let / be a dimension function, and let ^ be a nice approximation function (cf. Definition 11.51) . The reader 
can keep in mind the special case f{p) = p®, 'ip{q) = F}/™'ij)^.{q) = (Kq”")^/"*, where 0 < s < mn and 
K > 0, i.e. the special case needed to prove Theorem II.31 

In this section, the notation A B indicates that the ratio A/B is asymptotically close to 1, but we 
do not specify the circumstances under which this asymptotic holds. Similarly, A k, B indicates that the 
ratio A/B is bounded from above and below, but again the contextual requirements are unspecified. A 
more rigorous way of denoting asymptotic relations will be described at the beginning of Section [d] 

The first step in our calculation is to rewrite the set B{ij}) as the union of countably many closed sets. 
For each Qo G N, let 

( 3 . 1 ) W^,Qo= U 

(p,q)eZ'"+" 

llq||>Qo 


*^Warning: Although we are calling a “measure”, it is not countably additive on any reasonable collection of sets, 
although it is finitely additive on sets A, B such that d{A, B) > 0. 












A HAUSDORFF MEASURE VERSION OF THE JARNfK-SCHMIDT THEOREM 


9 


where for each p G R™ and q G R" \ {0} we have 

(3.2) A^(p, q) = {AeM: Pq - p|| < V’dlqll)} ■ 

Then we have 

CXD 

Bi^) = U 

Qo —1 

so 

(3.3) 'H^{B{ip)) = sup ^-^(S^.Qo) = oo • sup n/C),0 

Qo>l Qo>l 

where /C denotes the set of to x n matrices whose entries are all in [ 0 , 1 ], i.e. the “unit cube” of M. 

FixQo G N, and we will estimate'H'^(i?. 0 ,QQn/C). We will use the lower box-counting measure 
K.) (cf. Section!!]) as a proxy for (B^^q^HIC). Intuitively, (B^^q^DIC) is a good proxy for Bf {B^^Q^r\lC) 
as long as the closed set B^^q^ n /C is sufficiently homogeneous. 

Heuristic assumption 1. For all sufficiently large Qo G H, we have B^ fl /C) ss BHBiP,Qo FI 1C). 

Now to compute fl 1C), we should fix p > 0 and estimate the number Np(i?p_Qj, fl 1C) defined 

in (EH). To do this, we will estimate the measure of the set J\f{B^^Qg, p) n/C in order to apply the formula 

Np(i3p,Q„ nic)^ p-™" Ak; {MiBp,Q ,, p)). 

Here X/c denotes Lebesgue measure on /C, normalized to be a probability measure, and 

J^{S, p) {A€M: d{A, S) < p}. 

(The distance on At comes from the operator norm ||A|| = max||q||_^^i Pq||p.) Fix Q > Qo to be deter¬ 
mined, and let 

(3.4) W'^(Qo,Q)= U Ap(p,q), Sp(Qo,Q) =At\Wp(Qo,Q). 

(p,q)GZ'"+'“ 

Qo<l|q||<Q 

We will estimate the measure of Hp(Qo, Q) using an independence assumption, and then we will compare 
the measure of i?. 0 (Qo,Q) with the measure of J\f{Bp^Qg, p), assuming an appropriate relation between Q 
and p. However, we must deal with the fact that if (p, q) G and fc G Z \ {0}, then Ap(fcp,/cq) C 

Ap(p, q), and in particular the sets Ap(p, q) and A^(fcp, fcq) are not independent. Let V C Z™ x (Z"'\{ 0 }) 
be a set consisting of primitive integer vectors such that for all (p, q) G Z™ x (Z"'\{0}), we have (p, q) G kV 
for exactly one value k G Z \ {0}. 

Heuristic assumption 2. The sets Ap(p, q) ((p, q) G 7^, Qo < ||q|| < Q) are approximately independent 
with respect to the probability measure X/c- 

Using this assumption, we make the following calculation: 

-logA^; (Hp(Qo,Q)) ~ X! -log (l - A/c(Ap(p,q))) 

(p,q) 6 'P 

Qo<l|q||<Q 

- Ak: (Ap(p,q)). 

(p,q)GT’ 

Qo<I|q||<Q 

Heuristic assumption 3. The set V is “homogeneous” in the sense that sums over subsets of V are 
asymptotic to a fixed constant, say 773 , times integrals over the same regions. 


®Here we use the convention that 00 .0 = 0. 
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To compute 7 ^, we observe that for R large, 

^ #{(p, q) e Z- X (Z" \ {0}) : IIpII V ||q|| < R} 

= XI q) ^ ^ ■ PpII V ll^qll < R} 

feGZ\{0} 

X yi.VARl\k\r^" = 2am + n)-fvV^V,R^+^, 
fcez\{o} 

so 7 p = 1/(2(^(to + n)). Thus, 

-logAK {B^{Qo,Q)) 

1 f 


2C{m + n) 7 (p,q)GiR”‘+" 
Qo<l|q||<Q 

1 f 


2 ((m + n) JQo<||q||<Q Jjc 

1 /■ 


2 C(m + n) yQo<||q||<Q 
Lemma 3.1. If f : [0, 00 ) [0,oo) is locally integrable, then 


Xjc (A^(p,q)) d(p,q) 

Ar-. ({p G R™ : \\Aq - p|| < i/>(||q||)}) dA dq 

dq. 


J /(l|q||) dq = nl4 J g” V(g) dg. 


Proof. It suffices to prove the equality for functions of the form /(g) = [g < Q] (cf. Conventionbelow), 
and for these, 

J [||q|| < Q] dq = Ar^ (5,(0, Q)) = KQ” = K nq^-^ dq. □ 


Using Lemma |3.11 we continue the calculation: 


— log Xic {Bjp{Qo, Q)) 




V’™(llq||)dq 


(3.5) 


2f{m + n) yQo<||q||<Q 

f g"-V’"(g)dg 

'J Qn 


nv^v, 

2C(m + n) Jq^ 
Vfj,,L'FjpiQ) 


where is as in ( 11 . 101 ) . 

Now that we have estimated the measure of S^(Qo:Q)j want to compare it to the measure of 
jy{B^,Qa,p). To do this, we compute the “thickness” of the sets A^(p, q) ((p,q) G V). The following 
lemma (which will be used in the real proof of Theorem ! 1.81) suggests that the thickness should be interpreted 

as being ^-dlqH) =V(l|q||)/l|q|h 

Lemma 3.2. Let ifi,'if 2 ■ ^ ^ (0, 00 ). Then for all p G R™ and q G R" \ {0}, 

V’2(||q||)' 


Af A^i(p,q), 


^ A^i+^2(P>q)- 


For example, Ao(p, q) is an affine linear subspace of M, and A/’(Ao(p, q),'I'(||q||)) C A^(p,q). 
Proof. Fix A G A^j(p,q) and B £ M with \\B — A|| < i/’ 2 (||q||)/||q||- Then 

||5q-p||<||24q-p|| + ||5-A||.||q|| 

<V'i(l|q||) + ^^#^-||q|| = (^i+V'2)(||q||). 


□ 
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Heuristic assumption 4. The measure of B^{Qq,Q) is approximately the same as the measure of 
p), where p = ^'(Q) is the minimum “thickness” of the sets A^(p, q) (Qo < IIqII < Q)- 


So 


-logA/c (A/'(B^,Qo,p)) ^( p )). 

Since ij} is assumed to be a nice approximation function, we have \ogip{q) ~ ^ log(q) and thus log ^'(g) ^ 

— and log'I'“^(p) ^ log(p). Since is either logarithmic or sublogarithmic, this gives 


-logAK; {M{B^,Qo,p)) - 

We now have all the ingredients needed to finish the calculation. In what follows, the symbol ^ just means 
intuitively that “the quantities are close” and we do not specify a more precise relation. 

log6^(S^,Qo n /C) = li^inf log (Np(Bv,,Q„)/(p)) 

~ li^inf [log A/c {Af{B^,Qo, p)) - mnlog{p) + log f{p)] 


~ lim inf 
p—^o 

{ —oo 
oo 


+ log 


fip) 


Mp). 


if 

if >■ ■ 

unknown if 

Using heuristic assumption [T] and applying (|3.3p gives 

{ 0 if 

oo if . 

unknown if T/,^ = 


4. Preliminaries and notation 

The notation introduced in this section will be used throughout the paper. We provide a summary in 
Appendix[^for convenience. Recall that m, n G IN are fixed, and that A4 denotes the set oimxn matrices. 

Convention 1. The symbols and ^ will denote coarse multiplicative asymptotics, with a subscript 

of + indicating that the asymptotic is additive instead of multiplicative, and other subscripts indicating 
variables that the implied constant is allowed to depend on. If there are no variables indicated, then the 
implied constant only depends on the parameters m, n, p, and v. The implied constant is understood to 
depend continuously on all parameters. We emphasize that all parameters the implied constant depends 
on other than m, n, p, and v will be explicitly notated, even if they appear to be clear from context. 

For example, A B means that there exists a constant fc > 1 that depends continuously on the 
parameters m, n, p, u, and K, and on no other parameters, such that A < kB. Similarly, A B means 
that there exists a constant k > 0, depending only on m, n, /i, and u, such that B — k<A<B + k. Note 
that in the first example, if we have an upper bound and a lower bound on K then we can use continuity 
to get an upper bound on the implied constant k. 

Convention 2. When limits are written using arrow notation, they are assumed to be uniform with 
respect to all parameters except for those mentioned in parentheses. For example, the notation 

A -^ 0 

Q—^oo 
S^O (K) 

means: For all e > 0, ther exist Qo, So > 0, with Qo depending only on e and do depending on both K and 
e (and on m, n, p, v), such that if Q > Qo and 0 < d < do, then |A| < e. 
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Convention 3. The symbols <, and > will denote asymptotics whose implied constants tend to 1 (or 
0 for additive asymptotics) as certain quantities approach their limits. The convergence of the implied 
constant is notated using Convention [2j For example, the formula 

A ^ B 

S^O (Q) 

means: For all e > 0, there exists 5o > 0 depending only on e, Q, and m,n,/r,;/ such that if 0 < 5 < 5o, 
then (1 — s)B < A < (1 + e)B. 

Similarly, the notation A B means that A/B —>■ 0; again the convergence is notated underneath the 
sign using Convention [5] (This differs from the common usage of ^ as the Vinogradov symbol; in this 
paper, ^ plays the function of the Vinogradov symbol.) 

Convention 4. Whenever a vector r € [R™+"- is fixed, we denote its components by p € R™ and q € R", 
so that r = (p, q). Similarly, whenever p € R™ and q G R" are fixed, we use the shorthand r = (p,q). 
The same convention applies to r' = (p', q'). 


Convention 5. We use the Iverson bracket notation [statement] 


1 statement true 
0 statement false 


Convention 6. The symbol <1 will be used to indicate the end of a nested proof. 

4.1. Cantor series expansion. Let D = mn, so that R^ is isomorphic to At as a vector space. In 
what follows, we identify an element of At with its image in R^ under the map which sends a matrix to 
the list of its entries, and we take the norm on At to be the operator norm ||A|| = max||q||^i ll^qll- We 
write 1C = [0,1]^ C At. Note that this subsection and the next one (i.e. 114.1114.21) make sense in any 
finite-dimensional normed space (R^, || • ||), without any reference to Diophantine approximation. 

During the proof of Theorem 11.81 we will specify a sequence of integers depending on the 

approximation function ip and on an auxiliary parameter /3. We will describe how this sequence is chosen 
later, but for now we assume that we are given a sequence (Vfc)“ satisfying Nk > 2 V/c. We introduce the 
following notations: 


{o,...,Vfe-i}^ C7W 

(1 < A: < oo) 

k 

(Cartesian product) 
f=i 

(0 < k < oo) 


(0 < k < oo) 

i=i 



Warning. The notations and should not be confused with the Cartesian and arithmetic powers 
of a set E and a number N, respectively. In this paper, there is no set E and there is no number N. As a, 
plea to forgive this abuse of notation, we note that in the special case occurring in the proof of Theorem 
11.31 the sequence {Nk)p° is constant (cf. Remark 14.31 belowl. and so in that case the notations E^ and 
really do denote Cartesian and arithmetic powers. 

For each w G E^, we write [wj = k. Let E*^= Ufe>o^^- is not included in this union.) For all 

uj € E* U E°° and k < [wj, we denote the fcth element of oj by Wfc, and we denote the initial segment of w 
of length k hy u! ] k. We define the coding map it : E* U E°° — >■ /C via the formula 

Al 

fc=i 

This series is called the Cantor series expansion of 7r(a;). Note that every element of /C has at least one 
Cantor series expansion, and almost every element of K, (with respect to Lebesgue measure) has exactly 
one Cantor series expansion. Moreover, for each w G i?*, if 
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then 

(4.1) = ^(w) + 

In particular, K,^ is a cube of side length We observe that if w, r G E* are incomparable^ then ICui 

and K-r have disjoint interiors. 

The following notation will sometimes be convenient: Given uj G E* and A G JC, let 

= TTiu;) + 

By (14.ip . : /C —?► /Ctj is a bijection. 


4.2. Evaporation rates. A tree in E* is a subset of E* which is closed under taking initial segments. Let 
T* CE* he a, tree. For each fc G N, let E^ (H T*, and for each w G T*, let 

T,. = {a G E|^|+i : wa G 


Here and hereafter, uta denotes the concatenation of w and a. For each fc > 1, let 

max #{Ek\Tuj) 


(Nk)^ 

Pk= 7 ^ mJn,#(F;aT.). 


(iVfc)^ c^GT'=~i 


In other words, Pj^ (resp. ) is the maximum (resp. minimum) proportion of children that get removed 
from the tree T at stage k. We call the sequences {P^)^ and {PjT)’^ the upper evaporation rate and the 
lower evaporation rate of T*, respectively. 

Let T°° denote the set of infinite branches through T*, i.e. the set {w G E°° : uj ] k G Vfc}. The 
goal of this subsection is to relate the Hausdorff /-measure of Tr{T°°) to the evaporation rate of T*, where 
f is a dimension function. To do this, we introduce some more notation. Namely, let 


M- (iVfe)^(l - P+) = ^nhn ^ #(r^) 
M+ 11' - P,-) = max #(T<,) 

=' Y[Mf. 

i=i 


In other words, (resp. ) is the minimum (resp. maximum) number of children of any stage k — 1 
node that remain in T. For each 0 < p < 1, let k{p) G N be the unique integer satisfying < p < 

and let 




M- 


k(p) 



n 


Remark. The subscripts and superscripts above have been chosen so that □_ < □+ for all relevant 
objects. 


Proposition 4.1. Let f be a dimension function. With notation as above, 
(i) IfT* C E* is a tree such that 0 GT* and sup^.>]^ P^ < 1, then 

(4.2) H^(^(r“))>liminf^. 

f+{p) 


7 


Two strings are called incomparable if neither is an initial segment of the other. 
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(ii) For any tree T* C E*, 


(4.3) 


<S^(7r(T“)) 

~ p^O j_[p) 


Proof of (i). By pruning the tree T*, we may without loss of generality assume that #(11^) = for 

all oj GT*. Let v be the unique measure on r°° such that 

i/([w]) = Vw G T*. 

Let pL be the image of v under the coding map tt. Now fix Al G /C and 0 < p < 1, and let k = k{p). Let 
||/C|| = maxseic ll^ll- Then 

p{BM))= E KMn^-i(Sp(A))) 

< e : /C. n B,{A) ^ 0} 

< e E^+^ : /C. C B(A, (1 + ||/C||)p)} 

(since diam(/C^) < ||/C||/iV^+^ < \\lC\\p for all w G 


< 


1 A^(i?(A(l + l|/C||)p)) 


- (l/iV'=+i)^ 

(since for all w G E^^^) 

^ (jyfe+i)^ 

^jfc+i ^ 

(^/c)D 


D 


(since sup < 1) 

k>l 

= f+{p)- 


Applying Lemma [2.11 demonstrates (14.21) . 


□ 


Proof of (ii). Fix 0 < p < 1, and let k = k{p). For each oj G we have Np(/C(^) = N^fcp(/C) ~ l/(7V^p)^. 
Since ff{T^) < M'f, it follows that 


Np(^(r“)) < E Np(/CJ < 

ii)GT'= 




(IVfcp)^ f-{p) 

Multiplying by /(p) and taking the liminf as p ^ 0 finishes the proof. 


□ 


4.3. Choice of the sequence (A^fe)“. In this subsection we describe how the sequence (IVfe)J° to be used 
in the proof of Theorem ll.SI will be chosen, depending on a nice approximation function ijj and a parameter 
/? > 0. To motivate this choice, we recall that in the heuristic argument of Section [31 we estimated (cf. 
(13.51) 1 that for all 1 < Qi < Q 2 , 

(4.4) — log Ak: (Bp((3i, ( 32 )) Pp.i/Fp((3i, ( 32 ), 

where B^{Qi,Q 2 ) is defined by (13.4L and 

Fp(Qi,Q2)=' r%"-V’”(g) dg. 

Jqi 


(4.5) 
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Note that the two-input function defined here is related to the one-input function defined in (jl.lOl) 
via the asymptotic 


F^{Q) 


Q->oo (Qo) 


FipiQo, Q)- 


We have switched from a sum to an integral for ease of calculations later. 

Coming back to the motivation of the choice of (Nk)'^, we want to choose it so that the companion 
sequence 


(4.6) Q'^ (TV''(fc e N) 

satisfies ^ (3 for all k, for an appropriate limiting process. The idea is to make sure that 

Q'' and are “far enough apart” that the heuristic formula (14.411 is true for Qi = and Q 2 = , 

but “close enough together” that the left-hand side of (14.411 is essentially the same as A^: {W^{Q^. 
The significance of the sequence (14.611 is that the “minimum thickness” of is approximately 

1/TV''+^ (cf. Lemma 13.21 and Heuristic assumption 01) and thus heuristically, we expect that if cu G E°° is 
the Cantor series expansion of a matrix A = 7r(a;) G /C, then it should be possible to control whether or not 
A G by controlling the coordinate Wfc+i, given information about the initial segment ui ] k. 

This will allow us to create a tree contained in B^^q^ that we can control the evaporation rate of. 

Now we need to show that it is possible to choose the sequence {N^)^ in such a way so as to satisfy 
F^{Q^, /3 V/c, or more precisely, 

(4.7) ^ /3. 

/ /3—>-0 


Before we do, we collect some facts about the function F^. Since i/i is a nice approximation function, the 
function 


(4.8) 





is nonincreasing, and thus (j){Q 2 ) < <(>( 9 ) < <('(Qi) for all q G [QitQ 2 ]- Since 

rQ2 ^ 

q 


pQ2 

F^{Qi,Q2)= / (t>{q)- 

JQi 


we get 


(4.9) (I){Q2) \og{Q2/Qi) < ^V(Qi, Q 2 ) < HQi) log(Q2/Qi)- 

In particular, since 4>{Qi) < ^^(1) = '"^0 have 

(4.10) F^(Qi,Q2) < M^log(Q2/Qi). 

Lemma 4.2. Fix a, /3 > 0 and a nice approximation function if. There exists a sequence of integers (iVfc)J° 
such that for all k > 1, 

(4.11) 13 < F^{Q\ g''+i) <p + M^a log(2), 


where 


Tvs'll' 

i=i 




def 


(^fc)a 


In fact, the sequence {Nk)f° can be chosen to consist of powers of 2. 


In particular, letting a = mf{m + n) shows that we can choose (A^fc)“ so as to satisfy (14.71) . 

Remark 4.3. For the case occurring in the proof of Theorem 11.31 namely if{q) = K^^'^ip*{q) for some 
K > 0, the proof of this lemma can be accomplished by letting {Nk)f^ be the constant sequence whose 
terms are all equal to ^ 
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Proof of Lemma \J^ Given A: > 0 and , -/V^, we find N^+i > 2 such that (14.111) holds. Let £ > 0 be 

the smallest integer for which G^{N^, 2^N^) > /3, where 

M 2 ) =V^(M“, M 2 “). 

Such an integer exists since 

poo 

lim 2 ^iV'=) = / dg = 00 , 

e^co jQk 

where the last equality holds because '0 is a nice approximation function (cf. Definition ll.51) . Since /3 > 0, 
^ > 1. So 

G^( 2 ^-liV^ 2 ^Ar'') < M^a log( 2 ), (by dHU])) 

and adding these inequalities yields 

/3 < G^(7V^ 2^Af'=) </3 + M^alog(2). 

Letting Nk+i = 2^ finishes the proof. □ 

4.4. Homogeneous dynamics. Although we do not use it directly, it is worth recalling the connection 
between Diophantine approximation and dynamics in homogeneous spaces first discovered by S. G. Dani 
[To] and subsequently generalized by D. Y. Kleinbock and G. A. Margulis [22]. To state their result 
precisely, we need some notation. This notation will end up being convenient for our purposes as well. 

Let d = m + n, let ild denote the set of unimodular (i.e. covolume one) lattices in IR'^, and let A* = 
€ rid- Let G = SLd(lR) and T = SLd(Z). Note that fid is isomorphic to the homogeneous space G/T 
via the mapping gT i-A 5 (A*). Let the function A : fid R be defined by the formula 

A(A) = — log min ||r||, 

r^A 

r/0 

where 

(4.12) ll(p,q)ll = l|p||V||q|| = ||p|UV||q||.. 

For each A G M and t S R, let 


def 

Im ~A 

def 


UA = 


, gt = 



and note that UA,gt S G. Here Ik denotes the fc-dimensional identity matrix. 

Remark. The maps A i-A ua and t gt are exponential homomorphisms (in the sense that their domains 
are additive groups but their common codomain is the multiplicative group G). Dynamically, the subgroup 
{ua) is a multiparameter unipotent flow on Dd, while the subgroup {gt) is a one-parameter diagonal flow 
on fid. 

Let 5 = D/d = mn/{m + n). Then the conjugation relation between the (ua) flow and the (gt) flow 
can be expressed as follows: 

(4.13) g-StUAgSt = Ue-tA- 

We are now ready to state the Kleinbock-Margulis correspondence principle: 

Theorem 4.4 f [22l Theorem 8.5]). Let 0 : [l,oo) —>■ (0, 00 ) he a nonincreasing continuous function, and 
let r,p : [Iq, 00 ) —>• R 6e defined by the formula 
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as well as the requirement that both sides should be decreasing with respect to t. (The existence and 
uniqueness of such a function is proven in [HI Lemma 8.3]/ Given A G A4, we have A G if and 

only if there exist arbitrarily large t > 0 such that 

(4.15) A(gtM^A*) > r^{t). 

Equivalently, if for each t > 0 we let 

(4.16) A:(/,t) = {A G Hd : A(A) < r^(i)}, 

then A G W{ip) if and only if there exist arbitrarily large t >0 such that gtUAA^, / K(ip,t). 

Remark. Theorem 14.41 was originally stated for the case where || • ||^ and || • ||y are both the max norm, 
but the only place this is needed in the proof is to ensure that the relation (14.121) holds. 


5. Lattice estimates 


The goal of this section is to justify the heuristic calculation (|3.5I1 . but in a “local” way that will later 
allow us to deduce estimates on the evaporation rates of certain trees. This “localness” will be represented 
by the fact that we consider an arbitrary unimodular lattice A G fid rather than just the lattice A* = Z'^. 
Specifically, let us fix: 

• a lattice A G fid, 

• numbers Qi, Q 2 with 1 < Qi < Q 2 , 

• a function if : [Qi, Q 2 ] —>• (0, 00 ) such that ip/if,, is nonincreasing. 

Then the goal of this section is to prove the following theorem: 


Theorem 5.1. The set 

W^,AiQi,Q2)= U A^(r) 

reA 

Qi<l|q||<Q 2 

(cf. (13.2 |) ) satisfies 

(5.1) XK{w^.AiQuQ2)) 

Qi! Irr(A)—>-cxD 
4>{Qi)l ,Q2)—>-0 
Frl, (Ql ,<52)^0 


where 

(5.2) Irr(A) =^A7^"'^-^^(A) 

and (j) is defined by (14.8|) . Here Ai (A) denotes the first Minkowski minimum of A (with respect to the unit 
ball), i.e. 

Ai(A)'^^ min ||r||. 
reA\{0} 

Remark. The “irregularity” Irr(A) should be thought of as a way to measure how far away A is from the 
“standard lattice” A*. The precise formula for Irr(A) is used in only two places: the proof of Lemma 15.81 
and the proof of Claim 17.21 

The following corollary is what we will actually use in the proof of Theorem 11.81 

Corollary 5.2. Let ip : (0, 00 ) —>■ (0, 00 ) be a nice approximation function and let the sequence (Aj,))/ be 
as in Lemma \4.‘A Fix uj G E*, and let 

k 1^1) Puj 

Then for all < Qi < Q 2 < , 

Xk {ruj GW,p{Qi,Q2)) ~ 

Ql/{Q^ Irr(A,.,))^oo 
/3^0 

^■4) / 

E,/,(Q2.Q''+^)//3^0 


(A'=)-^i7^,./3. 
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Proof. This follows from applying Theorem IS.ll to the lattice A' = the numbers Q' = QijQ^ {i = 1, 2), 
and the function tp'{q) = and then using (I4.1ip and the formulas 

/c,. n w^^aAQi,Q2) = ^c.(/c n Q2)) 

< M^. □ 

This corollary is the only part of this section which is used in the proof of Theorem 11.81 so Sections [5] 
and [7] can be read independently of this section. 

The proof of Theorem 15.II will consist of three main steps: 

• fLemma [5.12l) estimating the measure of Q 2 ) “with multiplicity”, i.e. estimating the sum 

of the measures of the sets A^(r) (r S A, Qi < IIqII < Q 2 ); 

• (Lemma 15.131) proving a “quasi-independence on average” result for a certain subset of A, the 
“regular primitive” vectors; 

• combining to estimate the measure of W^,a(Qi,Q 2 ) “without multiplicity”. 

Before going into the proof of the main lemmas 15.121 and 15.131 we need some preliminaries. For these 
preliminaries, we forget about the numbers Qi, Q 2 and the function ip, and concentrate only on the lattice 
A e Od. 


5.1. Preliminaries. We collect here various facts needed in the proof of Theorem 15.II 
Lemma 5.3. Let K he a unimodular lattice in and let 

A* =''{s e R'^ : r • s e Z Vr e A} 

he its dual lattice. Let V < he a subspace such that A n F is a lattice in V, and let 

F-L g R-^ : r • s = 0 Vr g F} 

be its dual subspace. Then 

Covol(A n F) « Covol(A* n F-^). 

Here the covolume Covol(r) of a lattice T in a normed vector space (F, || • ||) is the volume of a fundamental 
domaiiH of T with respect to Av, where Ay denotes Lebesgue measure of F normalized so that the unit 
ball of II • II in F has measure ijj 


Proof. Without loss of generality suppose that the norm || • || is Euclidean, and we will show that in this 
case 

Vdim(y) Covol(A n F) = Fdim(y-L) Covol(A* n F-^), 

where Vk denotes the volume of the Euclidean unit ball in R^. 

Indeed, let ri,..., r^ be a basis of A such that ri,..., r^, is a basis of F, where k = dim(F). Let Si,..., Sd 
denote the dual basis, so that s^+i,..., Sd is a basis of A* n F-*-. Since A is unimodular. 


(ri A • • • A rfc) A (r^+i A • • • A rd) = 1 = (r^+i A • • • A rd) • (s^+i A • • • A Sd) 


(see e.g. m §3-2 and §5.5.1]), and thus the equality 


(ri A • ■ • A rfc) A w = w • (s^+i A ■ • • A Sd) 



®We recall that a set "D C is called a fundamental domain of A if -|- A = R'* and Int(D) n (r + Int{I))) = 0 for 

all r E A \ {0}. In this paper, we make the additional assumption that T> \ Int(X>) has Lebesgue measure zero, so that 

^Note that this definition disagrees slightly with the notion of covolume used in sai in which Lebesgue measure was 
assumed to be normalized so that A([0,1]*^) = 1. Hopefully this will not cause any confusion. 
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can be checked by verifying that it holds on a basis of /\'^ ^ BR'^. So 

Vdim(v) Covol(An y) = ||ri A • • • A r^H = max ||(ri A • • • A Vk) Aa;|| 

||cj|| = l 

= max \\u} ■ (sfc+i A • • • A Sd)|| = ||sfe+i A • • • A s^H = 14im(v-L) Covol(A* n V^). 
IIcjII —1 


□ 


Another important fact about dual lattices is that if \i denotes the ith successive Minkowski minimum, 
then 


A.(A*) A,-^i_,(A); 


(5.3) 

see e.g. [HI Theorem VIIL5.VI]. 

Notation 5.4. If C and / : —>• [0, oo), we let 

/(®)(r)= sup /(x), 

xGr+r> 




and if p > 0 we let 

/(p) =/(B,(0)). 

The following fundamental observation allows us to compare sums over the lattice A with integrals: 

Observation 5.5. Let / : IR'^ —> [0, oo), and let I? be a fundamental domain of a unimodular lattice A € fid 
(cf. Footnote ID). Then 


(5.4) 


/ /(I 5 )(r) dr < ^ /(r) < f /^^^r) dr. 
jR-i Jr<‘ 


Furthermore, if ||A|| denotes the codiameter of A, i.e. 


= sup d(x. A), 
xeR"^ 


then 

(5.5) 

Proof. For each r S A, 


/R'i 


/(IIAll) W dr < XI /W ^ / /dl^ll)(r) dr. 
tgA /R'' 


/ /(I 5 )(r') dr'</(r) < / dr', 

Jr-V Jt-V 


and summing over all r G A demonstrates ()5.4I1 . Next, let V be the Dirichlet fundamental domain for A 
centered at 0 , i.e. the set 

(5.6) = {x e : d(r, x) > ||x|| Vr G A}. 

Then sup^j.^^) ||x|| = ||A||, so T> C i3||A|i(0) and thus 

[ /(||A||)(r') dr'< f /(x')(r') dr'</(r) < f /^®^(r') dr', < f /dl^ll)(r') dr', 

J r—T> J t—T> J r—T> J r—T> 

and summing over all r G A demonstrates (15.51) . □ 

When /(r) depends only on ||r||, a spherical coordinates calculation allows us to simplify the integrals 
of Observation 15.51 yielding the following upper bound: 

Corollary 5.6. Fix ||A|| < Qi < <52; o-nd let f : [Qi,Q 2 ] —> [0,oo) be a decreasing function. Then 

rQ2 


/* W2 

E fiM)^QifiQi)+ f{ry-^dr. 

reA dQi 


r^A 
Qi<l|r||<Q2 
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Proof. Write 


Then 


m = 


f{Qi V g) if g < Q 2 


0 


if g > Q 2 


r^A 
Ql<l|r||<Q 2 


(by (IE3) 
(Lemma 13.11) 


/(||r||)< / i^dlrll - ||A||) dr 

..^A dlRd 

poo 

< / r^-^F(r-||A||)dr 

~ Jo 

/ oo 

{r+W 

-||A|| 

= -(Qi + ||A||)'^/(Qi) + / (r + ||A||)^-V(r) dr 
“ Jqi 

rQ2 

(since ||A|| < Qi) 


^“^F(r) dr 
-Q 2 


QtfiQi) + / dr. 

JQi 


□ 


5.2. Regular lattice vectors. The goal of this subsection is to find a “large” subset of A along which 
quasi-independence holds. As noted in Section [U we will need to restrict at least to the set of primitive 
vectors. But actually we may need to restrict further; some primitive vectors may still be “bad” in the 
sense that including them in our set would cause problems for quasi-independence. It turns out that the 
right way to measure how “bad” a vector is in this sense is given by the following definition: 


Definition 5.7. The irregularity of a vector r G A \ {0} (with respect to A) is the number 


(5.7) 


Irr(r) 


(Ai(A* nr-L)) 


;-i 


As before, Ai denotes the first Minkowski minimum and A* denotes the dual lattice. Note that by 
Lemma 15.31 we have 

||r|| > Covol(A n BRr) Ri Covol(A* n r^), 

and thus Minkowski’s theorem implies that the irregularity of r is bounded from below (by a constant 
depending on || • ||). Intuitively, the irregularity of r tells us about the “worst hyperplane” that r is 
contained in, where “worst” means “smallest covolume”. The advantage of vectors with low irregularity is 
that they can be used to construct fundamental domains of A which are approximately cylindrical; cf. the 
proof of Lemma 15.131 below. The following lemma shows that there is a sense in which the irregularity is 
bounded from above “on average”: 


Lemma 5.8 (Almost all lattice vectors are regular). If d> 2, then 


lim sup sup 

K^OO 


#{r G A : Irr(r) > K, ||r|| < Q} 


= 0 , 


where Irr(A) A;^ o,s in (15.21) . 


Proof. Fix AT > 1, A G fldj and Q > A'Irr(A). Fix r G A with Irr(r) > K and ||r|| < Q. Then 


Ai(A* Dr-^) = 


(M 

\Irr(r 






i/(d-i) 


so there exists s G A*j. D r-*- such that ||s|| < S', where A*,, denotes the set of primitive vectors of A*. 
Equivalently, 

r G A n S'*-. 

s6a;, 

INII<s 
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It follows that 
(5.8) 


#{r e A : Irr(r) > K, ||r|| < Q} < X! n fl ^^(O)). 


s6a;, 

l|s||<S 


Next, fix s S A*^ with ||s|| < S, and let F = A fl s-'*. Then 


(5.9) #(rnBQ(0))-Covoi(r) = As 


y r + I < As^ (i?(0, Q + ||r||)) = {Q + ||r||)“ 

rernBQ(o) 


where Vr denotes the Dirichlet domain of T centered at 0, and Agj- denotes Lebesgue measure of s-*-, 
normalized so that AsJ-(s'^ fl B{0, 1)) = 1. Now by Lemma [5.31 we have 

(5.10) Covol(r) ||s|| 

and thus by Minkowski’s Second Theorem 0 VIII.4.V], 


^(r) < < Covol(r) 


(5.11) 


< 


A('"2(r) “ A^"2(A) 

(q/a:)i/(^-i) 


(Q/A:)-(''-2)/(2<i 

Plugging in (15.101) and (15.111) into (15.91) gives 


^<Q/K< Q. 




#(rni?Q(o))< 11^ 

Plugging this into (j5.8l) . we get 

e A : Irr(r) > K, ||r|| < Q} 


< 


< 


E 


1 


- Qllsll 

seApr 

l|s||<S 

#{sgA*:||s||<||A1|} 


QAi(A*) 


E 


l|A*fli|s||<S 


Qllsll 


< 


l|A 


* lid 


fS r^-2 


< 


gAi(A*) Vo Q 

||A* 


dr 


Q 


Q 


r—0 


Irr(A) ,1^2 
Q ^K-k' 


(by Corollarv l5.6l) 
(since Ai(A*) ^ and d>2) 

(since ||A*|| A(”^(A) and Q > Arirr(A)) 


Taking the appropriate suprema and letting AT —>■ oo completes the proof. Note that the asymptotic 
inequality Ai(A*) ^ follows from combining Minkowski’s second theorem on successive minima 

with the asymptotic ||A*|| ss Ad (A*), while the asymptotic ||A*|| r; A(”^(A) follows from combining (15.31) 
with the same asymptotic. □ 

For each AT > 1, write 

/C 10 ^ #{r e A : Irr(r) > AT, ||r|| < Q} 

(5.12) ek = sup sup -—^- 

AeHd Q>A'Irr(A) W 

Then Lemma [5.81 savs that if d > 2, then eif —>■ 0 as AT oo. The notation ek allows us to write down 
the following analogue of Corollarv l5.6l for sums over lattice vectors with large irrationality: 
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Observation 5.9. Fix K >1 and A e fid, and let / : [0, oo) ^ [0, oo) be a decreasing function which is 
constant on [0, Arirr(A)]. Then 

/(||r||) < dex 

rgA 

Irr(r)>A' 

Proof. It suffices to check this for functions of the form f{q) = [g < Q] (Q > Arirr(A)), and for these 
functions the inequality follows from the definition of ex- CH 

5.3. Proof of Theorem 15.11 In the remainder of this section, we fix Qi,Q2t'4’ as in 
section. 

The following lemma allows us to simplify the notation somewhat: 

Lemma 5.10 (Good lattice vectors satisfy ||(p, q)|| = ||q||). Suppose that < 1/2 

Then for all (p, q) G IR'^ with Qi < ||q|| < Q 2 such that /C fl A^(p, q) 7 ^ 0, we have 

(5.13) ll(p,q)ll = l|q||. 

Proof. If A G /C n A^(p, q), then 

||p||<||Aq-p|| + ||A||.||q||<i/(||q||) + ||/C||.||q||. 

Since ||q|| > Qi > 1 and 1 / is nonincreasing, we have 

V'(llqll) < ^{Qi) < V’(Qi)l|q||. 

Thus IIpII < {ipiQi) + ||/C||)||q|| < ||q||, which implies (15.131) . □ 


the start of this 

and ||/C|| < 1/2. 



r^-V(r) dr. 


To make things easier, in this section we make the standing assumption that the hypotheses of Lemma 
I5.10l are satisfied: 

Assumption 5.11. < 1/2 and ||/C|| < 1/2. 

In fact. Assumption 15.111 may be made without loss of generality: first of all, by replacing || ■ ||^ by 
7 II • 11^ for an appropriate 7 > 0, we can assume that ||/C|| < 1/2; second of all, since in Theorem 15.11 we 
are trying to prove an asymptotic which includes the convergence assumption 4>{Qi) —>■ 0, it follows that 
we can assume 4){Qi) is as small as we want and in particular that ip{Qi) < 1 / 2 . 

For convenience of notation we introduce the function 


ifig) = '0(Qi V q) 

and we note that if is still nonincreasing (although the function (/(g) = q'^ij}'^{q) is not nonincreasing). We 
also let il'((j') = 'I'(Qi V q). 

In the following lemma, A+ denotes a subset of Apr (the set of primitive vectors of A) such that for all 
r G Apr, we have #({r, —r} n A+r) = 1. 

Lemma 5.12 (Estimates of the measure of lfy/,,A(Qi,Q 2 ), with multiplicity). We have 


(5.14) Ak; (A^(r)) /t Q 2 ). 

—7 Qi/Irr(A)->oo 

Qi<l|q||<Q2 

Moreover, for all K >1 such that Qi > Arirr(A) we have 


(5.15) 


AK:(A^(r)) 


< 

K—¥00 

Qi<l|q||<Q2 

Irr(r)>/C 


fy/>(Qi, Q2) 


V AK;(A.^(r)) - Q2). 

' ^ K —>^00 

reA/,. <l>{Qi)/F^(Q i,Q2)^0 

Qi<l!q||<Q2 

Irr(r)<A' 


and thus 
(5.16) 
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Proof. 


Step 1: Initial calculation. Consider the function 77 : \ (R™ x {0}) [0, 00 ) defined by the formula 

m / n \ 

’7(p,q) n * 




where 


f ( ') d£f iq[p^ 9 ]] if 9 > 0 _ d[f 1-^ gt]* A[0,1] 

^ 1 lir ^ if 9 < 0 ^ 

and ^ denotes convolution. Here /*77 denotes the pushforward of a measure /r under a function /, and 
^ denotes the Radon-Nikodym derivative of /i with respect to u. The significance of rj is that for each 
q S R" \ {0}, 7?(-,q) is a nonnegative Riemann integrable function which satisfies 


(5.17) 

Indeed, we have 


[ f]ip, q) dp = A 7 c({A e /C : Hq e 5}) C R™. 

Js 


9 ARr„ = I fg. I Ar 


\Qj 7^0 

m n 

W_'y{xi,...,Xn)^P‘lXj 


i=i 


fqj 9i 7 0 

do Qj = 0 


m n 

* ■ 

m 

[^(tl , . . . , tn) I—Si qjtj 


i=\ 


i=i 
A[o.i]" 


(til,■ • ■, 

^mn) ^ ■ 

■, Si tmjqj ) 

A i-A Aq 

A/c - 

* 



\[ 0 . 1 ]" 


Also, note that 
(5.18) 

Now for p > 0 let 


r 7 ( 7 r) = 7 "’”r 7 (r) V 7 > 0 Vr e R'" \ (R™ x {0}). 


T^p'i = max 


X r;('’)(p,q) dp, T(p) = niin / 7 ?(p)(p, q) dp, 

llq||=ijR'n llqlNijR"* 

where ri^P\ r](^p^ are as in Notation 15.41 Note that \ 1 and T(p) y' 1 as p ^ 0. Also, by (15.181) we have 

9(p)(P,q) dp > T(p/||q||) 


(5.19) 


Vp > 0 Vq e R" \ {0}. 

/ p(^i(p,q) dp < 


Next, for all r e A*, by ()5.17l) we have 

(5.20) Xic (Ap(r)) = Ax;({A e /C : Aq G i?.0(||q||)(p)}) = f 

Jb 


S,/,(||q||)(p) 


9(p',q) dp' 
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and thus 


A/c (A^(r)) 


r^A 

Qi<l|q||<Q2 


< 




rSA 

Qi<l|q|l<Q2 

<v, [ , 7 WQ^)+ll^ll)(r)y-(||q|| - ||A||)[Qi - ||A|| < ||q|| < + ||A||] dr 

Jr<^ 

(by jEl])) 

< / V.'"(||q|| - ||A||) [gi - II All < ||q|| < + II All] dq 

JR”- 


(by (I5.19D ) 


/ WD+JlAi^ 

= V^A )nV^ 


rQ2+||A|| 


i/-'"(g-||A||)g"-Mg 


fLemma l3.ll) 

Qi - l|A|l y 


< nVfj.v^ 


Qi ~ 2||A||y jQi- 


l|A|| 


iy™(g-||A||)(g-||A||r-i dg 


< 


/jMQi)+i!Ml / gi - IIAII A" \ 
nV^V.A [F^{Q,,Q2) + AQ,)]. 


A similar argument (using (14.91) 1 shows that 


Thus 


E A (Av,(r)) 


reA 

Qi<l|q||<Q2 


> (o.‘+2l|A|| 


n—1 


f^{Qi,Q2) - (/>(gi)iog 


gi + 2||A|| 
gi 


(5.21) 


E AK:(A^(r)) ^ nV^V.F^{QuQ2). 

Ql/||A||-).oo 

Qi<||q||<Q2 HQi)/F^iQi,Q2)^o 


To get (15.141) . we need to change (j5.21|) to a formula about primitive vectors. Before doing this, we first 
demonstrate (I5.15p . 

Step 2: Ignoring irregular lattice vectors. Fix r € IR'^. Since ?7 (pA q) ~ IIqII”’" for all p' € R’", 
(15.201) implies that 


(5.22) 


A^ (A^r)) < ||r||—i/,™(||r||), 
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where we have used Lemma lS.lOl to get ||q|| = ||r|| in the case where the left-hand side is nonzero. Now fix 
K >\ such that Qi > Xlrr(A), and let ek be as in (15.121) . Then 


^ AK:(A4r))< ^ di™(||r|| 


(by dOlD) 


r^A 

Ql<l|r||<Q 2 

Irr(r)>A: 


reA 

Ql<l|r||<Q 2 

Irr(r)>A' 

< ^ T"" 

reA 

l|r||<Q 2 

Irr(r)>A' 

rQ2 


< SKd / dq 


(Observation 15.91) 


10 


= £K[dF^{Qi,Q2) + (l>{Qi)] 


K—¥0C 

d(Qi)/^’i/i(Qi.Q2)—>-0 


-FV(Qi, Q 2 ), 


which completes the proof of (I5.15|) . 

Step 3: Accounting for repeated entries. Fix fc G N such that k < Qi. The argument of Step 1 
goes through just as well for the function ipk ■ [Qi/k, Q 2 /k] —>■ [0, 00 ) defined by the formula 

= '4’{kq)/k, 

which satisfies 

A^/(r) = A^(fcr) Vr e A, 4>k{Qi/k) = k~‘^(l){Qi), 

F^dQilk,Q2lk) = k~‘^F^{Qi,Q2). 

Thus, replacing ip by ipk in (15.211) gives 

A/c (A^(r)) //t.ilTii', nVfjV^k Fj/,((5i, ( 52 )- 

^ Qi/(fc||A||)^oo 

Qi<l|q||<Q2 <i>{Qi)/F^{Qi,Q2)^o 


Now let 




1 


R —f 


nV^V.F^iQi,Q2) 

1 

nVf,V,F^iQi,Q2) 


^K(A^(r)), 

r^kApr 

Qi<l|q||<Q 2 


^ic (A^(r)) = ^ Ate, 


r^kA 

Qi<l|q|l<Q 2 


£gih 


and note that 
(5.23) 


Bk k~ 

Qi/l|A||^oo (fe) 
4'iQi)/FipiQi^Q2)^o 


(To switch from a mnltiplicative asymptotic to an additive one, we have used the fact that k~‘^ < 1.) Recall 
that for all r G A, Irr(r) is bounded below by a constant depending only on to, n, /i, u, say Irr(r) > 5q Vr G 
A. Now fix A G N such that Qi > (K/Sq) Irr(A). Since Irr(fcr) = A:Irr(r) > kSo for all r G Apr and fc G N, 
by (15.151) we have 


(5.24) 




< 


1 


Fth (Qlj Q2^ 

\k\>K 

Qi<l|q|l<Q 2 

Irr(r)>A'/i5o 


(A^(r)) 


K—¥00 

</>(Qi)/ {Qi ,Q2 )^o 


-A 0. 
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Now let P be the set of all primes strictly less than and let S be the set of all square-free integers whose 
prime factors are all in P (or equivalently, the set of products of distinct elements of P). Let /i denote the 
Mobius function^ Then 


K—>oo 

‘;^'(Qi)/-F^(Qi ,Q2)—^o 

fcGN 

ViGP 

(by dEMD) 

= 

^p.{k)Bk 

kes 


^_l_ 

Qi/||A|Koo (K) 
^(Qi)/ -F^(Qi ,<32)—^0 

kes 

(by (15.2311) 


(since S is finite and depends only on AT) 


TT ^ 

1 - k-d- 

kGP 

1 


K—^co 

ad) 



Standard quantifier logic then gives 


Qi/Irr(A)—>oo C(^) 

d(Qi)/-Fi/.(Qi. <32)^0 


and rearranging gives (15.1411 . Finally, combining (15.1411 and (15.1511 and using the assumption Qi > iirirr(A) 
to get Qi/Irr(A) ->• 00 gives (15.1611 . □ 

K^oo 


Lemma 5.13 (Quasi-independence on average). Suppose that Qi > ||A||. Then for all r 
such that Qi < ||q|| < Q 2 , we have 


(5.25) 


where 


^ (A^(r) n A^(r')) ^m(r) 4/™(||r||)F^(Qi, Q 2 ), 

r'eA\Zr 

llq||<llq'll<Q 2 


Fij;{Qi, Q2) — F^iQi, Q2) + 4 >{Qi)- 


(p, q) € Apr 


Proof. We can assume that /C Id A,^(r) ^ ;zf, as otherwise (j5.25ll holds trivially. Thus by Lemma 15. 101 we 
get ||q|| = ||r||. Also, since F^(||q||, ( 52 ) + (('(||q||) < FV(Qi, Q 2 ) + <?i’(Qi), we may without loss of generality 
assume that Qi = ||q||. 

Let TT : —>• be the orthogonal projection map, so that 7r(r) = 0. Then 7r(A) is a lattice in Let 

Vi C r-*- be the Dirichlet fundamental domain for 7r(A) centered at 0 (cf. (Ib.dll l. Let X >2 = [~l/2,l/2]r, 
and let V = Vi +'D 2 . Then H is a fundamental domain for A (though not necessarily a Dirichlet domain). 
Note that 

(5.26) ||D|| max ||x|| < ||7r(A)|| + ||r|| < ||A|| -H ||r|| < ||q|| -h ||r|| = 2Qi. 


Claim 5.14. For all r' € A \ Zr and r" € r' + 1), we have 

d{r',Rr) >i„(r) d(r",lRr). 

Proof. Fix r' € A \ Zr and r" G r' + T>. Then 7r(r') G 7r(A) \ {0} and 7r(r") G r' + (Di. In particular, we 
have 

d(r',[Rr) = ||7r(r')|| > Ai(7r(A)) 


^^For convenience, we recall that this function is given by the formula fi(pi ■ ■ ■ Pk) = (~1)^ if Pi? • • • ?Pfe s,re distinct primes, 
and p(n) = 0 if n is not square-free. 
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and thus 

d(r", Rr) < d{r', Rr) + ||^(A)|| < (^1 + d{r', Rr). 

But since 7r(A)* = A* fir-*-, we have ||7r(A)|| « A]"^(A* fir-*-) and Ai(7r(A)) « ||A* nr^||“^ « A^^;^(A* fir-*-). 
Thus by Minkowski’s Second Theorem, the ratio ||7r(A)||/Ai(7r(A)) is bounded from above by a constant 
depending only on Irr(r). This completes the proof. <1 

Denote the implied constant by ki (so that ki depends on Irr(r)). We now split the proof into two cases 
according to whether or not n = 1: 


Completion of the proof if n = 1. Without loss of generality suppose that g > 0 (where r = (p,g)) and 
II • 111 , = I • I, so that ||g|| = q = Qi. Now fix r' = (p',g') G A \ Zr such that A. 0 (r) n A,/,(r') ^ 0 and 
Qx < q' < Q 2 - Since 


(5.27) 
we get 

and thus 
Thus by (I5.22p . 


A^{r) = B{p/q,-^{q)), A^{r') = B{p'/q','i>{q')), 

P^-P < «'(g) + 4'(g') < 2^'(g) 

q q 

d{r', Rr) < d((p', q'), {q'p/q, q')) < 2g'4'(g). 


< 




r'^A\Zr 

Qi '^Q2 


E Ak; (A,/,(r) n A,/,(r')) 

r'eA\Zr 
Qi <(7’<Q2 
d(r',Rr)<2g''I'((3r) 

fQ 2 + l\'D\\ r ^ r -1 

< / / - m\) d(r', Rr) < 2kx\q'\^iq) dp' dg' 

j-{Q2+m\) Jr"' 

(by Observation island Claim ISTT)) 

rQ2+m\ _ 

I vl/”'(|g'| - ||P||) Ar™ (B(g'p/g, 2 fcifc 2 |g'|^(g))) dg' 

-(Q2 + I|I5||) 

(since d(r', Rr) < A; 2 ||p' — g'p/g|| for some constant ^ 2 ) 

rQ2+m _ 

vI/™(g'-||I?||)(g'vE-(g))’"dg' 


< 


■^lrr(r) 


rQ2 


= M>^{q) vl/-(g')(g' + ||7?||)-dg' 


'-\m 

rQ2 


<ik'"(g)/ vI/'"(g')(Qi Vg')'" dg' 


'-2Qi 


= ^'"(g)[Fi/,(Qi,Q2) + 3 Qii/;'"(gi)] 

= vI/'"(||r||)[F,^(gi,Q 2 ) + 3</>(gi)]. 

This completes the proof of Lemma [5. 131 in the case n = 1. 


(by (EMD) 

(since n = 1) 
(by Lemma [ 5 . 101) 


□ 


Completion of the proof if n > 2. 


Sublemma 5.15. For all r' = (p',q') G A \ Zr with ||q'|| > ||q||, we have 


(5.28) 


Xic {A^{r) n A,/i(r')) 


/ i/.(||r||)V;(||r'||) \ 

I llrAr'II J 


/ y^dlrll) V^dlr'ID A"' 

V l|r|| d(r',Rr); ’ 


where A denotes the wedge product. 
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Proof. Let §{n, d) denote the Grassmanian space consisting of all subspaces of of dimension n. Define 
the map l \ K. ^ Q(n,d) via the formula 


l{A) = {(Aq,q) : q € R"}, 

and note that for all r = (p, q) S R"^ and A e /C, we have ||Aq—p|| Ri d(r, 6(A)). Also note that 6 *[Aac] ^ Xg, 
where Xg denotes the natural measure on d) (i.e. the unique measure on Q{n, d) invarant under the 
action of SO(d))0 So 


Xjc (A^(r) n A^(r')) ^ Xg 


D G d) I 


d(r,D) < fc 3 iA(||r||) lA 

d(r',D)<fc3V'(l|r'||) jj 


for some constant > 0. Here we have used Lemma 15.101 to replace '!/'(||q||) and ^(||q'||) by V'(lkll) and 
"^dlr'll), respectively, in the case where the left-hand side is nonzero. 

Now, one way of selecting a point V G (f{n, d) randomly with respect to Xg is to independently select 
m vectors Si,..., G randomly with respect to A§ (normalized Lebesgue measure on S) and then 
to let V = (This can be verified by checking that the measure resulting from this method 

is invariant under the action of SO(d).) In this case, d{r,V) > |r • s^j for all i. It follows that the 
probability that d{r,V) < A: 3 '!/'(||r||) and d{r',V) < is less than the probability that for all *, we 

have ||r • Si|| < fc 3 ^(||r||) and ||r' • s^l < kstfiW^'W)- Translating this into symbols, we have 


( S H € <f{n, d) 


d{r,V) < ks'ipiWrW 
d(r',H) <fc3V-(||r' 


where 


R={sgS‘ 


i-i 


r • s 


< *3V'(l|r||), 


< iHR)y 


< ksHWr'W)} . 


The region R is approximateljl3 the product of a (d — 3)-dimensional unit sphere with a parallelogram 
whose distances between pairs of opposing sides are fc 3 i/’(||r||)/||r|| and fc 3 i/i(||r'||)/||r'||, and whose angle 
between sides is approximately ||r A r'||/(||r|| • ||r'||). Computing the volume of this shape completes the 
proof. <1 


Thus 

1 


^m( r 


AK;(A^(r) n A^(r')) 


r'6A\Zr 

Ql<l|q'll<Q 2 


< 


< 


E 

r'GA\Zr 

l|r'|l<Q 2 


d(r', Rr) 


/b(o,Q 2 -L|x>||) V d{r',Rr)/k- 


It™ ] dr' 


< 


rQ2+l|X)|| nQ2+\\'D\\ 


Irr(r) 

Q2+\m 


ip{xV z -\\v\\)\ ^_2 


X da; dz 


10 


rR 


-ip^iR-WVW) {R^-^+r^-^)drdR 


0 

nQ2-t||D|| 


V;"'(i? - ||D||)i?”-i di? 


(by (I5.28|) and Lemma 15. 1 01) 


(by Observation 15.51 and Claim ISTTI) 

/ cylindrical coordinates A 
y X = d(r', Rr), x = d(r', r^) J 

{R = xW z, r = X A z) 

(since n > 2) 


^^Further details: The Radon-Nikodym derivative can be computed as the quotient of the two volume forms 

and cog corresponding to 6*[Ax:] and \g. Both of these are positive continuous volume forms, so their quotient is a 
positive continuous function on the compact set l(K). If C is an upper bound for this function, then we have f.*[AK:] < C Xg. 

^^Here two Riemannian manifolds are “approximately the same” if each can be embedded into the other in a way that 
does not distort size too much. 
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< 


-m\ 

CQ2 

-2Qi 




V R^-^ dR = F^(Qi, Q 2 ) + mQi)- 


(by (IE26D) 


This completes the proof of Lemma [5.131 in the case n > 2. 
We are now ready to complete the proof of Theorem 15.11 


□ 


Proof of Theorem \5.1l The < direction follows immediately from (15.141) . so we prove the > direction. Fix 
K >1 satisfying Qi > iFIrr(A), and consider the fnnction / : /C —IR defined by the formula 

f{A)= Y. 

reA+ 

Irr(r)<A' 

Qi<l|q||<Q2 


Then 


|i = J{f-f)dX,c 


[AeA^ir]] ■ [AeA^ir')] dAK(A) 


reA+ r'eA+ 

Ii'i'(r)<A' Irr(r')<iC 
Qi<l|q||<Q2 Qi<||q'||<Q2 

r' 

^2 E E AK:(A^(r)nA^(r')) 

reA+ r'GA\Zr 

Irr(r)<A' l|q|| < l|q'II <Q2 
Qi<l|q||<Q2 

reA+ 

Irr(r)<A' 

Ql<l|r||<Q2 

<F^iQi,Q2) Y '>^"‘( 11 ^ 11 ) 

rSA 

Ql<l|r||<Q2 


(by Lemma [5. 131) 


~ F-^{Qi,Q2) 

= F^{Qi,Q2f ■ 


rQ2 


g?4'™(gi) + / r''-'4'™(r) dr 


(by Corollary 15.61) 


Denote the implied constant by ^4 = h{K), so that 

||/||^-||/||i<fc4Fv,(Qi,Q2f. 

Now consider the function g : 1C ^ {0,1} which is the composition of / with the map fc 1 —>■ [fc > l]. 
Equivalently, g is the characteristic function of the set 

U A^(r). 

reA+ 

Irr(r)<A' 


Qi<l|q||<Q2 


Since / = fg, Holder’s inequality gives 




2 
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and thus 
(5.29) 


Ak {W^AQi,Q2)) > ll<?l|l Ilffll2 > ||^||2 > II^II^ ^ fc4Fv,(Ql, Q2)2 1 + hF^{Ql,Q2)y\\f\\l' 

It remains to work through some quantifier logic. Fix 1 < 7 < 2. By (15.161) . there exists a constant 
. .. . . 


> 1 depending only on 7 which is large enough so that 

M) 


(5.30) 


K>R\ 


Qi > i4rirr(A) 

[<^(Qi)<f^(Qi,Q2)M'^ 


Letting K = in (15.301) gives 


iQi > R^'^ Irr(A) 

[(/)(Qi) <F^(Qi,g2)M'^ 


1^7 'i]f_i^L/F'ip(^Q 1 -) Q2)• 


1 — FiI){C^\^Q2^ 1 


and since R^'^ > 1 we have 


l + h(4^))(8/r;^,,)Fv,(Qi,Q2)^ 


^ n(Qi,Q 2 )< 2 F^(Qi,Q 2 ). 

Combining with (15.291) gives 

f Qi > Irr(A) ,, ,, , 

{w.)<f«« 3 i,< 32 )M'> ^ llsll-i fAO.,02) 

letting r!^'^ = we have 

'Qi > i?^^^Irr(A) 

'i^’(Qi) < f^{Qi,Q2)/R^'^ A/c (IF0 .a(Qi, <32)) > II5II1 > 

[F^iQi,Q2) < i/i?f 

Since 7 can be chosen arbitrarily close to 1, this completes the proof. 


6. Lower bound 

In this section, we prove the lower bound in Theorem 1 1.81 namely we prove that there exists a function 
such that if then R^= 00 . As in that theorem, we let / be a dimension 

function, and we let i/i be a nice approximation function such that L/,)/i > ^^,1/(^1^). Let the notation be 
as in Section m 

6.1. Sketch of the proof. Imagine a spaceship hurtling through the space fid, flying in the direction of 
the {gt) flow. It periodically makes corrections to its course by applying an operator from the (ua) flow, 
where A £ K.. After an infinite amount of time, the path of the spaceship will be within a bounded distance 
of a path of the form {gtUA^R*)t>o for some Aoo £ Af. 

Now fix Qq > 0, and suppose you want the spaceship to steer in a way such that A^o £ S^,Qo) 
you have only limited control of its movements. Specifically, at certain times - ■ ■ you can make the 

spaceship apply a ua correction where you cannot choose A, but you can enforce some restrictions on the 
possibilities for A as long as you allow e.g. at least 90% of the possible values for A. With these limitations, 
what strategy should you use to guarantee Aoo S RipRo'^ 

The answer is to use the mixing property of the (gt) flow to guarantee that at the times ^ 1 ,^ 2 , ■ • the 
spaceship is in a bounded region whose size is independent of ip- During the “in between times” where 
t tk for any k, the spaceship can leave this bounded region but still stays in the time-dependent region 
{K{ip,t))t>o corresponding to ip according to (14.161) . 

More rigorously, choose R > 1 large enough so that the set Kn = {A € fid : A (A) < R} has measure 
close to 1, say 1 — e. Due to the mixing property of the (gt) flow, if the gap sizes tk+i — t/c are large 
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enough then the set of potential directions A such that applying a ua correction at time will cause the 
spaceship to be in at time tfc+i has size at least 1 — 2e. Thus by applying appropriate restrictions to 
the movement corrections, we can guarantee that the spaceship is in Kr at the times ■ ■ ■■ Since the 
set of directions we must discard is at most size 2e, this requirement does not significantly hamper our 
ability to control the spaceship. But then each time we control the ship, we start out in if/j, and since 
Kfi is compact “all points look the same” - any calculations we do will apply with the same quantitative 
bounds to all points in Kn. But this means that the behavior of the ship at the intervals [tk,tk+i] {k € N) 
can be treated as independent, so then the heuristic argument of Section [3] finishes the proof. 


6.2. The proof. Fix R > 1 and 0 < /3 < 1, and let (lVfc)i“ be the sequence given by Lemma [4.21 Fix 
A: G N. Recall that = 0^=1 

tfe = dlog(fV'=), 9'"=9tk- 

This will be our sequence of times we can steer the spaceship. Note that by H4.13I) . g^UA = UA[kA9^ for all 
A&M. 

Now when we steer the spaceship at time tk, we will maneuver so as to avoid the rationals represented 
by points in the window 

Qk = {(P,q) e A* : < ||q|| < 


We will do this under the assumption that the lattice represented by the spaceship at time tk is contained 
in the compact set 

KR = {Aend- A(A) < R}. 


Specifically, if 


Bk = {Ae]C: g'^UAA* G Kr} 

B'k=Bk\ U /A^{v)=Bk\W^{e-^^Q\e-^^Q'^+^) 

reCfc 


then, assuming that the current trajectory of the spaceship is represented by {gtUAA^:)t>o for some A € Bk, 
we will steer so that the new trajectory is represented by a point of Fix G N, and for each k > ko 

let 

T'^ = {uj € E'^ : ]Cu,]j C B'j for all j = ko,..., k}. 


(For 0 < k < ko, let = E^.) Note that: 

• The sets are disjoint and their union is {r G A* : ||q|| > 

• If is the set of infinite branches through the tree T* = U^, C E*, then A 7r(T°°). To 

see why this is the case, fix w G T°° and r G A* such that ||q|| > there exists k such that 

r G Qfe, and 

7r(w) G ^ Sfc C /C \ A^(r). 


Since r was arbitrary, we have 7r(w) G C B{tp), where Qo = e . 


6.3. Bounding the evaporation rate of T*. Fix w G T*, and let k = |a;|. We partition the set Ek+i \Tu, 
into two subsets: 


'BL — W ^ Bk+l ■ K^uja ^ Bk+l}, 

T:^ = Ek+i\{T^UT^)= y T,,,r, 

reCfc 


where 


Tuja — {a G Ek+i \ : ICuia Fl A^(r) ^ 0}. 
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Claim 6.1. We have 

( 6 . 1 ) 

and 

( 6 . 2 ) 


{Nk+l)^ R^oo 


#(rj) 

(iVfe+l)^ 


< 

/3^0 
R—^oo 

M^/l3^0 (R) 




In particular, the upper evaporation rate of T* satisfies 


supP+ 


< 


k nZ 

k>l / 3^0 

R^oo (/3) 
M^/13^0 (R,^) 


Proof of (16.11) . Fix e > 0. Let Aq denote the unique probability Haar measure on the space of lattices 11^. 
Since lJjj>i ^R = there exists > 1 such that 

An(PiiJ > 1-e. 

We observe that the group G = SLd(lR) can be written as the product of the two subgroups 
U=^{uA :AgM} 

r^^sf 

H = {M G G : Mij =0 Vi = 1,..., m Vj = m + 1,..., m + n}. 

Let vi be an absolutely continuous and compactly supported probability measure on H, and let 1^2 be the 
image of X/c under the map A 1 —>■ ua- Let v denote the image of i/i x 1/2 under the map {h, u) 1 —>■ hu. Then 
V is an absolutely continuous and compactly supported probability measure on G. It follows that the map 
f : ltd ^ Ad {ltd) defined by the formula 

/(A)')^' J SgA dR{g)€Mind) 

is continuous with respect to the norm topology on M{^d), the space of measures on (Here 6x denotes 
the Dirac delta mass at x.) Equivalently, /(A) is the measure on such that for all S C itd, we have 
/(A)[5'] = iy{{g € G : gA € P}). Thus the family of functions 

/t(A) =V(A)b-tAriiJ = R{{g : gtgA G AT^J) {t G R) 

is equicontinuous. On the other hand, by the Howe-Moore theorem |18l Theorem 5.2], the matrix coeffi¬ 
cients of the natural representation of G on L^{Vtd, An) vanish at infinity, meaning that the action of G on 
rid is mixing with respect to the natural measure An- It follows that the {gt) flow on fid is also mixing, so 
for any fixed A we have 

/i(A) = f [gtx G ATflJ dAn(a;)-^ Xq{Kh,) > I-e. 

J dAn t^oo (A) 

Equicontinuity implies that this convergence is uniform when A is restricted to any compact set. 

Since the map h 1 —>■ gthg-t is nonexpanding on H and since A is uniformly continuous, there exists a 
constant fee > 0 such that 

(6.3) A{gthuAA) > A{gtUAA) — VA G /C V/i G Supp(i^i) VA Gfld Vt > 0. 

Also, there exists a constant > 0 such that 

(6.4) \A{ua-bA) - A(A)| <k7 VA,B€lC VA G 
Fix P > Pe -|- fcg -l- ^ 7 , and we will show that 

(6.5) #(t:) < e{Nk+i)^, 

—^0 {R) 
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which suffices to prove (16.11) . Indeed, let t/j be large enough so that /t(A) > 1 — £ for all A e AT/j and 
t >tfi. Equivalently, 

[vi X Xk) {{{h, A) : A{gthuAA) > R^}) <e £ Kr Vt > tR. 

Applying (16.311 gives 

(6.6) Xic {{A : A{gtUAA) > Re + ke}) <e MA&Kr Vt > Ir. 

Now fix w G T*, and let k = |cli|. Since w G T^, we have 7r(a;) G B'j. and thus A^^ A* G Kr. 

Moreover, if we assume M^/P < 6/{atR) (a valid assumption given the convergence assumption M^/[3 —> 
0 (i?)), then (14.101) and (14.111) together imply that tk+i —tk = S\og{Nk+i) > tR. Thus, we can plug A = 
and t = tk+i —tk = dlog(A^fe+i) into (j6.6ll . Now by ()4.13ll . we have 

gtf^AA gtUAg I^7r(a;)A^ g + 9 ^<1*,^ (A) A:i, . 

Thus, applying a change of variables to (16.61) yields 

Ak ({a g /C„ : A(/+i7rAA*) > Re + ke}) < e. 

Fix a G Ek+i; then for all A,B £ IC^ia we have 

|A(g''+^UBA,) - = |A(Mjvfc+i(B-A)ff^^^MHA,) - A(5 '=+^mhA,)| < ky. 

It follows that 

}A G K-uj '■ A(^g^'^^u aA^3) > Re + ke} ^ ■ 3A G /C[^a A(g^~*"^M^A*) > Re -\- ke -\- k-j^ 

— U (since R> Re + ke + k-j) 

and thus 

(A^")^A^ U IC^}j <e. 

Direct computation and rearrangement now yields (j6.5ll . □ 


Proof of (16.211 . Fix r = (p,q) G Qk and a G T^,r- By definition, there exists A G IC^ja H A,^(r). Since 
a ^ T^, we have A G Bk+i and thus 

/+iMAr^i?(0,e-^). 

Equivalently, 

(6.7) ” (A^"+')'/’”l|Aq - pII > e-«. 

On the other hand, since r G we have 


-2Rr)k+l 


l|q|| < e-^^Q 

In particular, this contradicts the first half of the dichotomy (l6Tll . so it must be the last half which holds. 
Thus 


l|Aq - pII > e-«(A'=+i)-^/™ = e-^ 
Since diam(/Ctja) = we have for all B G IC^ia 

IlSq-pll < Pq-p|| + ||i?-A||.||q|| 

ll/CII • ||q|| 


^ „R llq|l 


Nk+l 


> 


Nk+l 


<l|Aq-p|l, 

< (1 + ||/C||e-«)||Aq - pII < (1 + ||A:||e-«)i/.(||q||). 


Letting e = eR= ||/C||e we have 

C A(i+,),^(r) C lT(i+,)^(e-2«Q",e-2^Q'=+i) Vr € Qk € T^,r 
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and thus 


= E n W^(l+e)^{e-2«Q^e-2«Q'=+l)) 


aGT' 


Now let and = gu>^* be as in Corollary 15.21 and let il}'{q) = {Q^)'^^'^ij){Q^q) be as in the 

proof of Corollary [521 Fix K >\. We have 

#(F") 


(iVfc+i) 


D 


< Aic {W(i+eW^K^ (e-"«, K)) + {N^)^ Ak (/C^ C e-2«Q'=+i)) . 


Term 1 


Term 2 


Now since w € T*, we have 7 r(a;) € Bk and thus G Kn. So #(A^ fl Bk{0)) is bounded depending only 
on R and K. Thus by (j5.22p . 

Term !<((! + e^r C 5^(0)) < </.(!) = M^. 

On the other hand, we have 

Ar/Irr(Atj) ->■ cx) (since A^^ G Kji) 

K^oo (R) 

F(l+,)^(Q^iGQ'=) < (l + eriog(X)M^ 

F(i+,)^(e- 2 «Q'=+\g'=+i) < {l + er2RM^ 
and thus by Corollary 15.21 

Term 2 + £r)P 'n^J.,vP■ 

K->-oo {R) ^ R^oo 

0^0 

M^/0^0 {R,K) 

Standard quantifier logic completes the proof. □ 

6.4. Completion of the proof. For each 7 > 1, we have 

exp(-777^,,./3) < 1 - 7^/^77^,i./3 

for all sufficiently small /3, and thus by Claim I5TT] there exist hi( 7 ), h 2 {'j), ^. 3 ( 7 ) > 0 (depending only on 7 
and m, n, /i, v) such that 


( 6 . 8 ) 


Without loss of generality, we may assume that hi,h 2 ,h^ are homeomorphisms from [l,oo] to [0,/3o], 
[i? 0 )Oo], and [0, do] for some Pq,Ro,6o > 0 (with hi,/i 3 increasing and ^2 decreasing). In particular, 
hi(l) = ^ 3 ( 1 ) = 0 while /i 2 (l) = 00 . Then the function in the statement of Theorem 11.81 can be 
defined by the formula 

' {{hih^)-\M))g^^, ifM</3odo 
^00 if M > /3oSo 

Suppose that > C'^,;y(M^) (in particular this implies C'^,;y(M^) < 00 and thus < /3odo), and 

let 7 (hih 3 )“^(M, 0 ), (3'^= hi{'-^), and i?=^h 2 ( 7 ), so that = 71 ?^,y. By (16.81) . we have 1 - 

supfc>i > exp(— 7 ? 7 ^_,y, 9 ). Thus the function /+ from 1 14.21 satisfies 

(Hp) \ 

f+{p) < n exp(7hM.*^/3) = exp(7?7M.i'/3^(h))h^- 


f /3 = hi ( 7 ) 

P , 

i?=h2(7) ^ 

1 - supPj^ > e'x:p{-lPp,vP) 

{M^/P = hsA) 

k>l 


= 
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We can relate I3k{p) to p via the definition of the sequence {Nk)\ 

Fp{p-^) > = FpiQ'^^F) 

k{p)-i 

k^O 

k{p)-l 

^ E ^ 

= pk{p). 


Combining gives 

and thus by ProDOsition Id.lf il. 


/+(p) < exp(777^,^F^(p “))p 


D 


(by 631])) 


TL^{B{ijj)) ^ liminf ■ 


P fip) 


= lim inf ■ 


exp 




P^o e-x^{jpp^uF^{p “)) p^-o exp{'jp^^i,Fp{p “)) 

Since the right-hand side is equal to oo, which completes the proof. 


7. Upper bound 

In this section, we prove the upper bound in Theorem II.81 namely we prove that there exists a function 
such that if then = 0. As in that theorem, we let / be a dimension 

function, and we let i/i be a nice approximation function such that T/.i/i < Let the notation be 

as in Section m 


7.1. Sketch of the proof. As before, imagine a spaceship flying through Vld in the direction of the 
{gt) flow, periodically making (ua) corrections, whose path eventually corresponds to a path of the form 
{gtUA^^*)t>o for some Aoo S At. But this time, suppose that you want to steer in a way such that 
Aoo € lUi/j.Qo- Instead of being able to direct the movement of the spaceship at all of the times - ■ ■ 

when it makes (ua) corrections, you can only restrict its movement at one of those times - better make it 
count! In this scenario, what is the right strategy? 

The answer again depends on the spaceship being in a bounded region, but this time, we don’t have 
to work to move it into that region - if the spaceship ever leaves the time-dependent region {K{'tjj,t))t>o 
defined by (|4.16l) . then by definition we will have Aoo G W{ijj) regardless of any choices we make. So we 
can assume that at time tk, the spaceship is not in K{'4},tk)- From this vantage point, we can attempt 
to move into by moving into A^(r) for some r G A* with ||q|| > Qq. According to Corollary 15.21 

this strategy will work as long as the disadvantage that comes from being in K{'4},tk) rather than a fixed 
compact region is small in comparison to the total size of relative to A, i.e. as long as 

A^(Q^Irr(A^)Q'=) 


is small. But by (gH), 

Fv,(Q^Irr(A^)Q'=) < log(Irr(A^)) < <(.(Q'=)rv,(4) ^ (/)(Q'=)| log</.(Q'=)| 0, 


where the last convergence holds because (l){Q^) < M^p. 


7.2. The proof. Fix 0 < /3 < 1, let the sequence (Afc)“ (depending on ip and /3) be given by Lemma 
and let the notation be as in Section 01 Fix Qo > 0, and for each k let 

= {w£E^ ^ 0} 

(cf. dSIl)). Then Bp^Qg = tt(T^). 
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Lemma 7.1. The lower evaporation rate {P^ )“ ofT* satisfies 


lim inf Pi. 

k—^oo 


> 


/3->0 




Proof. The idea is to choose numbers Qi^kiQ 2 ,k G such that Fiji{Q^iQi.k) and Fij,{Q 2 ,k,Q^^^) 

are both small in comparison to > fi- Then for e > 0 small and w € , the measure of 

Kuj n W(^l-s)^l){Ql,kl Q 2 ,k) can be bounded from below by Corollary 15.21 

Choice of Qi^k- For each fc G ll\l let Qi^k = exp((/)“^/^((5^))(3*. This choice is made so as to maximize 
Qi^k while leaving iQi^k) relatively small: 

Qhk) < log(Qi.fe/g'=) (by (HU)) 

Choice of Q 2 ,k- Fix 0 < e < ||A^|| small. Since ip is continuous, for all k sufficiently large there exists 
Q 2 .,k G such that 


(7.1) 


e'I^(Q2.ic) = ^ = ||/C||(Q'=+i)-i/° 


This choice is motivated by the implication 

(7.2) n VF(l_e)^((5i,fc, (52,;=) 7^ 13' C W^((5yfe, (52,fc), 

which holds for all uj G (since for such w, we have diam(A^(^) = ||/C||/A^^+^). The following calculation 

shows that F,p{Q 2 ,k, is small in comparison to fi: 


i^^(Q2.fc,0"+') < <^(Q2,fe)log(Q'=+VQ2,fe) 

■(||/C||/(eiIi(Q2.fe)))^ 


= 'ii’(<52,fe)log 


Q2,k 


(by ((T91) ') 
(by (EH)) 


= ^((52.fe)[alog(||/C||/e) + {1/d) \og{l/(j){Q 2 ,k))] 


< 




2,k 


< M. 


1/2 


— b ■ 

Application of Corollary 15.21 The above calculations show that 

F^(Q^ Qi.fe)//3, F^(Q2.fc, Q"+')//3 


(since (j){Q 2 ,k) < < 1) 


-A 0. 


(e) 

In particular, if is sufficiently small (depending on e), then we have < Qi,k < Q 2 ,k < <5*'*’^ 

and so we can apply Corollary EH to get 

( 7 . 3 ) (iV'=)^A;c(/C..nfF(i_,),^(Qi.fc,Q 2 ,fe)) , - 77^,41-e)A 

exp(0 Irr(A,j)^oo 

My V/3^0 (e) 


where uj G ^ = g^jA^ are as in Corollary 15.21 

Claim 7.2. The top convergence assumption can be replaced by the convergence assumption k ^ oo {'ip, Qo), 
since 


(7.4) 


exp(0-i/yQy)/Irr(AJ 


M,^—>0 
fe—>oo (i/>,Qo) 


-G OO. 


Proof. Fix r G A* and let r = g^^r. We bound ||r|| from below in four cases: 
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1. Suppose Qo < l|q|| < Q^- By assumption /C^ ^ so we may choose A G /C^ fl Then 

ii?ii ^ h’^uAvw > (Q"r/™iiAq-p|| > (Q'=r/™V'(iiqii) 

2. If ||q|| > g^ then ||?|| > ||q|| = (g'=)-l||q|| >1. 

3. Suppose 1 < ||q|| < go- Applying the argument of Case 1 to gor shows that 

Qoii?ii ^ (g'=)"/™V'(Qoiiq||) > (g")"/™^(g^) 

and thus 

^ oo. 


||?|| > (gT/™Qo V(Q^) - ,,,, 

fc^oo \tp,Qo) 

4. If q = 0 but p ^ 0, then ||r|| = (g'=)"/™||r|| > 1. 

So if k is large enough (depending on ip and go), then 

Ai(A^) > </)i/’"(g'=) 

and thus 

Irr(A,,) < 

Completion of the proof of Lemma 17.11 By (17.21) . we have 

B^(l-e)i/',A. (Ql.feiQ2,fc) C [J 


a^EkJf-i 

A^u;aQVV'^(Ql,fc,Q2,fc) 


/c^a C y lCg,a 

a&Ek+i 

wa^r'“+^ 


where the second inclusion holds for all k sufficiently large (depending on ip and go). Thus 

1 


;#{a € Ek+i : u;a ^ T’^+^} 


{Nk+i)^ 

> (A^^)'° Ak: (/Ci^ n lT(i_£),/,(gi,fc, g2,fc)) 

k^oo {4 ’iQo) 

(by (113])) 


/3-i>0 

V/3^0 (e 
k^co (ip,Qo) 

6 —^0 


'nki,uP- 


Standard quantifier arguments yield 

1 


(A^fc+] 


\D 


#{a G Ek+i : K-^^a Q W^p^Qg} 


> 

Myg/3^0 

/3^0 

k^oo (i/’,Qo) 




< 


and taking the infimum over all ui G and then the liminf as k ^ oo completes the proof of Lemma 

rm □ 

For each 0 < 7 < 1, by Lemma |7. 1 1 there exists ^ > 0 (depending only on 7 and m, n, /i, u) such that 


(7.5) 


V/3 < e 


-0 

/3<e 


j lim inffc^oo Ef, > 77 ^,j ./3 
|M^alog(2) < ( 7-1 - l)/3 


It follows that there exist ^0 > 0 and a decreasing homeomorphism h : [0,1] —>• [0,^o] (in particular with 
h(l) = 0) such that for all 0 < 7 < 1, (17.51) holds with ^ = h(j). Then the function c^^i, in the statement 
of Theorem 11.81 can be defined by the formula 


AM) = 


'(/l-l(Ml/4))2^^_^ ifM<e4 

0 if 
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Suppose that (in particular this implies > 0 and thus < ^q), and let 

/ 3 =^^ =^M^/4 and so that Since /(3 = /3 = ^, by ((73|) we have 

liminffc^oo say > 777 ^, 1 //? for all k > ko = ko^ip, P,Qo,^)- Then the function /_ from 

i l4.2l satisfies 

/HP) ^ \ 

f-ip) > n - R ^b./3.Qo.7 (^^P{lVp,yPKp))P^■ 

\j=k, 4 

We can relate (3k{p) to p via the definition of the sequence (iVfc)“: 

Fp{p-<^) < = Fp{Q^^P^+^) 

Hp) 

= ^F^(Q^g'=+4) 

Kp) 

< ^[^ + M^alog(2)] (by ( |4.1ip ) 

< {k{p) + 1)7"4/3 (by dlS])) 

-+,7,/3 l~^Pk{p)- 

Combining gives 

f-{p) ~b./3,Qo.7 exp(7^r7^,^F^(p““))p4^ 

and thus by Proposition 14.ir iil. 




< 


•P,P,Qo,i 


lim inf 
/o^O 


p °f{p) 

exp(7^?7i«.!vTV(P““)) 


= lim inf 
p^o 


exp log (fg)) 

exph^Vp.i^Fpip-^^)) 


Since Lf^p < c^^v{Mp) = 7 ^ 7 ^,!/, the right-hand side is equal to zero. Since Qo was arbitrary, we have 
'RP{B{'ip)) = 0, which completes the proof. 


Appendix A. Index of Notations 

A.l. Norms. Throughout this paper, m,n € N are fixed, as are norms || • ||^ and || • \\i, on R’" and R", 
respectively. Whenever || • || is used without a subscript, it may indicate one of the norms || • ||^ or || • \\^, 
the norm 

l|r|| = ||p|UV||q||. (r=(p,q)eR’"+”), 

or the norm 

||A|| = niax ||Aq||^ (A e A4), 

||q|h = l 

depending on context. If S' is a set, then ||S|| = maxxes ||x||, unless S is a lattice in which case ||S|| = 
maXxgRd (i(x, S). 


A.2. Shorthand. The following mathematical objects depend only on m,n, p., v: 


Vfj, = volume of 5^(0, 1 ) 
d = m + n 


5 = D/d 

V = Vfj.,1^ = n 




W) 

Mq) = 

A ^ 2 ™+". 


{pGR™:||p|U<I} 

D = mn 
a = m/d 

n n 

- - m + n' 2C(d) 

U{p)=P^^ 
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The following objects also depend on ijj and/or the sequence (lVfc)i“ and/or the dimension function /: 

</(g) = 

«'(g) = ip{q)/q 

rQ2 rQ2 J 

Fp{Qi,Q 2 )= g"-V™(<z) dg = / (/(g)^ 

Jqi Jqi q 

k{q) = V'(Qi V g) 

EpiQi, Q 2 ) = F^(Qi, Q 2 ) + />(Qi) 

= t/™(l) = </.(!) 

A^(r) = {AgM: ||Aq - p|| < (/.(||q||)} 


Rv,,a(Qi,Q 2 ) = U A^(r) 

Wp{Qi,Q2) = W^,aAQuQ2) 

rG A 

Qi<l|q||<Q 2 


U ^V-(Qo,Q) 

WW= n lAv-.Qo 

Q>Qo 

QoeN 

k 

N’^ = l[N, 

j—l 

Qk ^ 

tk = S\og{N'^) = n\og{Q'^) 

9^ = 9tu 


Lf.t, = lim inf 




Mp-^) 

Remark. In the special case 'il){q) = we get: 

(/.(g) = At ^'(g) = Ati/'"g-i/“ 


TVfe = iV* Ilf V = Q’^ = 

TTITI — S 

= (j){l) = K = - F^{Qi,Q2) = ^log(Q2/Qi) 

an 

A.3. Miscellaneous notation organized by section of introduction. 

• glJ M, 

• m 'Hf, b!, Np(5), Bp{x) 

• in J^iS,p) 

• n <, -c 

. EH Ek, 

• a 

• ^01 VLd, gt, UA 

• n Irr(A) 

• ^5.21 Irr(r) 
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